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1 • OVERV_I El>J 

Many fields of research involve 
interpretation of a number of variables , 
recorded +or each of a collection of objects. 

collection 
all of which 

and 
are 

e.g. 
concentrations of large numbers 

compounds <the variates} for each of 
(the objects); 

of chemical 
a numbe1·· of 

elements or 
soil samples 

- measurements of a variety of physical dimensions (the 
variates) on animals (the objects) sampled from a population 
(e.g. dolphins of a particular species off northern Australia); 

- species abundance scores for a selection of sites covering a 
gradation of habitats. 

Multivariate techniques attempt to be more informative than 
would be possible with one variable at a time analyses. This 
usually involves regarding the measurements recorded for an 
abject as constituting a "point" in some multivariate population 
(or a choice of such populations) 7 and asking questibns about 
such things as the distribution of such points, or matrices of 
pairwise distances between them. 

Some categories of multivariate technique are: 

Ca) Generalisations of Univariate Ideas 
modelling distributions of points 

- constructing informative summary statistics 
- fitting explanatory models and conducting tests of null 

hypotheses (e.g. that two species differ in their distributions 
of a set of measurements) 

- constructing 
paramete,~s 

confidence intervals for· population 

(b) Assigning new individuals to predefined groups (discriminant 
analysis) 

need "training" data with grouping known 
generally involves multivariate normal model for each 

groups population distribution 

(c) Generating Interesting Combinations of Variables 
- usually "linea1- " combinations 
- different combinations for d i fferent 

principal components,canon ical variates) 

(d) Clustering 
no predefined groups 
generally no model li ng involved 
man y, many variations of technique 

(e) Ordination 

purposes (e.g. 

- finding low dimensional configurations of points whose 
pair··wise distances reflect the "distances" bet.ween the original 
data points 



- once again~ 
distance measures) 

many 

j ·-' ) 

variations of technique (e.g. many 
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2. Univariate Data Summaries and Presentations - A Review 

3 . Probability Distributions 

4 . Choosing a Data Transform with Two Case Studies 

5. Multivar i ate Data - Summary & Presentation 

6 . The Multivariate Normal Model 

7. Changes of Coordinates; Principal Components 

8 . Sampling Distributions 

9. Hypothesis Testing 

10. Multivariate Analysis of Variance 

11. Group Discrimination; Canonical Variates 

12. Allocation and Atypicality 

13. Clustering Techniques 

14. Ordination Techniques 



2--1 

2~ UNIVARIATE QBIB SUMMARIES & PRESENTATIONS 

A. Statistics to quantify important properties of collections of 
numbers. 

Suppose 
(e.g. n=i 91 

1 ater page) . 

Y1,Y2, ... Yn is a sampled collection of n values 
values of Si02 percent - see copy of SAS output on 

Important features of a data collection are: 

bgs~i!9Q - where it is centred 

mean Y = <Y1+Y2+ ... Yn)/n 

median = middle value when values put in ascending order 
(mean of middle two values when n is even). 

The median is less affected by "skewness" or outlying values: 

Scatter or Variability 

(i) Sample Variance 

{ (Yl-Y)
2 

+ (Y2-Y>2 +- ••• 
- 2. (Yn-Y) } / (n-1) 

(mean square deviation from middle) 

(ii) Standard Deviation 

s = square root of sample variance 

(iii) Range 

= max value - min va l ue 

( i V) Interquartile Range ( "Q3-Q1 ") 

= upper quartile - lower quartile, 

where the quartiles are defined so that 25% of data values 
above and below them. 

r IQft ~ 
Q\ ,tullttr'\ G3 

X .J ,c. K ! ,c ')I l . ')( ~ 

0 - - -~-s ~ ~ 1-s 

-fa] l 



(a) The 
statistics 
values. 
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mean and standard deviation are examples 
- based on averages of various powers 

of 
of 

"moment" 
the data 

(b} The median and interquartile range are examples of summaries 
based on- "quantiles" or "percentiles". 

e.g. SAS PROC UNIVARIATE also outputs the 99%,95%,90%,10%,5% and 
1% quantiles - the values those percentages of the way through 
the ordered data. 

(c) Quantile based statistics offer "robustness" less 
sensitivity to atypical or wrong data (but not so versatile for 
statistical inference). 

(d) If all data values are "relocated" (e.g. replacing Yl, . . . Y191 
by 

then: 

D1=Y1-50 y 
D2=Y2·-50, 

D191=Y191-50), 

(i) The mean and median are related in the same way (so for 
example fi = ~ - 50}. 

(ii) The standard deviation and IQ range are unaffected. 

Picture: 
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(e) If all data values are rescaled (e.g. replacing Y1, ... Y191 
(MgO percentages) by 

(Mg• parts per million)), 

then: 

X1=10000*Y1, 
X2=10000h'2, 

X191=10000-1tY191 

(i) the mean and median 
(ii) the standard deviation and IQ range 

are·all transformed in the same way: 

~,.,.,,.,_ 
To f 

x.-s 
1( 

,c. 

< f > Z 1, Z2, 

" 

'IC. 'I( )( ~" :x ,c 

f 
~+5x 

- 10 000 X. • ~ s-. = J 

Zn defined by 

Z1 = <Yl-Y)/s 
Z2 = (Y2-Y)/s 

Zn= (Yn-Y)/s 

are "standardised" in that 

z -- (l 

~( s = 1. 

IO ooo S'a 

Standardisation is an important concept: 

.. 
100 00 

X ~ "'18 O fr"' 

-- to enable description of many practical data distributions 
using a few standard models (particularly the standard normal). 
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in some multivariate contexts (where it can be useful to 
relate each variable back to a standard scale and location). 

The classical measure (based on moments): 

= [mean of (Yi-Y>3 /s 3 J times [ n / (n-1). (n-2) J 

Various forms of "interquartile ske~-.Jness": 

e.g. < Q3-median )/(median -01) - 1 

(i) Cases: 

+ve skewness: 
most bunched at left 
mean> median 
Q3-median > median-Qi 

,caaJCP: 
0 

-ve skewness: 
most bunched at right 
mean< median 
Q3-median < median-Qi 

• 
0 

:,. 

• .. 

• 

P a ll5Ms1 

y 

'Y 

(ii) Skewness isn't affected by relocation or rescaling, but can 
be affected by use of o t her transformations see later. 

(ii i ) Pictures are better for judging skewnE•ss in data 
d i stributions. 

In comparison with means and standard dev iations, the actual 
numerical values of skewness measures are used little in model 
fitting or inference. 

The direct.ion (sign) of skewness 
determining subsequent treatment. 

of importance 1n 
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B. §C~Qbi£~1 Presentations 

(i) Histograms or Bar Charts 

e.g . for Si02 percentages: 

So 

zo 

10 

0 

~1~22 Ec~g~Q~~ 
l.1J.t.~c~~!. 

0. 0 -- 9. 9 9 
10. 0-19. 9 1.l! 
20.0-29 . 9 9 
30.0- 39.9 8 
4-0. 0-49. 9 34 
50.0- 59.9 
60.0-69.9 
70.0-79.9 
80.0-89.9 
90.0-99.9 

total 

IO 2.o 3o 

47 
,.., , 
..:...-• 

27 
10 
10 

191 

ctO SO 

8~L~ti.~~ 
Ec§g~1~2-

4.7 
7 c 

I • ._1 

4.7 
4.2 

17.8 
24.6 
12.0 
14. 1 
5.2 
5.2 

100 

io 

R.eltAt i.Jt 
F ,-.e~"'Q ~cy 

100 

When data sets aren't too large "stem and leaf" plots are a 
useful form of sideways bar chart. 

F<ecipe: 

-- Create• a "stem" listing the most significant digit (.::; o f the 
data values vertically from high down to low. 

--- Create "leaves" by listing the~ ne>:t. significc~nt digi t of 
each data value next to the stem position corresponding to the 
appropriate leading digits. Put the leaf values in ascending 
order. 

e.g. The positioning of the highest value J~ for Si02 (see over). 

/ " stem posn leaf value 
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Stem and leaf plots allow: 

- graphical appreciation of the shape of a data distribution 
(as with histograms}; 

- reading off of numerical values. 

~e.d 
'ICA.lc.te c ,4 

STEHll.EAF • 
.;i.. SS6667789 9 
93 - 1 
8 59 ., 

.:.. 

8 00122224 8 
7 559 3 
7 0011111222223333334444444 "')C 

.:....J 

6 55555667888 11 
6 0011222334444 13 
C" 5555666777888888899 19 ..J 

C" 000111111122222223333334444 27 ..J 

4 55556677888889999999 20 
4 0011222333444 13 
3 56789 C" 

..J 

3 034 3 
2 66889 IC" 

..J ., 1222 4 ' 
1 556699 6 

9 (1) 0011122?@ 
---::_ 0 S7899 - IC" 

..J - 0 133 3 
----+----+----+----+----+--
HULTIF'LY STEM.LEAF BY 10**+01 -

VARIABLE=Sl02PCT 

N 
MEAN 
STI• DEV 
SKEWNESS 

100 ✓• HAX 
75Z 03 
so~ H[I• 
25% Ql 

0'% HIN 

RANGE 
; Q3-01 

MOiiE 

HOHENTS 

191 
52.9764 
22.""4~16 

-·o. :334216 

SUH WGTS 
SUH 

7JARIANCE 
KURTOSIS 

GUANTILES<DEF=4> 

98.8 99% 
69.8 95'.% 
53.5 90'.% 
43.1 10% 

1.1 5% 
1% 

97.7 
26.7 
48.6 

Ii~~ 

191 
10118.S 
S03.627 

-0.183287 

95,4~? 
93. 6E-' 
8(1. 4 2 
1 ~ .• l 4 

S'. 9 l -
:_>. 84t 



(ii) Bo~~ Plots: 

- convenient, quick 
features of data spread 

2··-·7 

pictorial representation of the 

show quartiles, median (the "box ") 

main 

show range of data (the "whiskers" extend out to the 
maximum & minimum value, provided the y are within 1.5 
interquartile ranges of the upper or lower quartile} 

- outlying values are highlighted (plotted separately beyond 
the whiskers - which , in SAS at least, are limited to a length of 
1.5•IQR when out l iers exist) 

are good for showing skewness 

- are good for univariate comparisons between groups . 



Some c ases: 

+ve 
skeh,ness 

no 
skewness 

- --.✓ e 

sl~e~--Jr.e~-= =-~ 

2 --8 

stem8~1 eaf boxpiot 



ExamQle MultiQle Groug Box Plots: 

(Done by 11 S 11 
- available foi- Uni~-: & VMS systems) 
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(i ii) ~gcm~t Probability Plots 

very useful when want to work out appropriate transforms 

straight when the data has a normal distribution 

- more on this later. 
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7 < ._:. -.1 

basic to the mathematical description <modelling) of the 
spread of possibilities (variability) in a "population" 

viewed via samples 

- f or infinite populations, they describe the 
values of proportions within samples as sample size 
large (assuming samples are representative) . 

Population= a herd of 100 cows 
(finite) 

limiting 
gets ve,-y 

Probability that a cow chosen at random has yield between a and b 

= the proportion out of 100 with yields in that interval 

e.g. Prob(12<Y<22) = 75/100 (75%) when a histogram of the values 
for the finite population is as follows: 

20 

~ 
> 16 
u 
C ., 
5- 12 
~ 
u. 

8 -.! ,. 

0 

' 8 12 16 20 71, 2e 32 
Milk yield (gollons) 

Figure 1.1 Histogram of the data in Table:!. l . GrourinF- 1hc: yidd~ int,) inrc:rYah of 

width:! t:allons per block . 

Samples of 20 f r--• m the population produce appro:: i mat i ans to 
the population probability distribution. 

Proportions between any pair o f limits can be calculated f or 
the samples, and compared to the corresponding population 
proportion (probability). e.g. the sample proportions between 12 
and 22 far two samples of 20 are: 
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17/20 ( 85%) f or sample (a) 

14/20 (70%) f or samp l e ( b) • 

e (o) 

~ 6 
C 

" :, 
CT l. 
~ 

u.. 

2 

0 
'- 8 12 16 20 21. 28 

Milk yield (gallons) 

(b) 
6 

> u 
~ I, 
:, 
Cf 
&, 

~ 2 

0 
l, 8 12 16 . 20 21. 28 

Milk yield (gallons) 

Distributions for two samples of twenty from the dara of Table 2.1 . 

Population = all milking cows in a region (say 100,000+ ). 
The population is effect i vely infinite. Consider taking 
increasingly large samples <presumed representative) from it : 

e.g. sample of 400: 

(a) interval width= 2 gallons 

Cb) interval width= 1 gallon 
(same sample) 

&o--8 
> e,O 
u 
C 
&, 

5- 1.0 
~ ... 

(a) 

O .___'-_..__ ...... 8 __.__1 ...... 7_,,__ll..J..---'--2...JO .--1._2-1.1,--1.---12 6==--32-

M rlk yield ( 90"on1,) 

(t) 

N.B. Halving inter-val widths halves f requencies (on average) for 
~imilar midpoints. 
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Limiting Case: 

Very large sample with very small interval width : 

Generally find: 

0 4 8 1Z .. , 16 'i!o -\ ~2~ 
Milk yield lgollons) 

Population distnbution for milk yield data. 

28 32 

relative frequency ~ f(interval midpt). (int. width), 

with a better and better approximation with bigger and bigger 
samples, where: 

the function f(x) , called the probability density function 
characterises the underlying QOQulation Qrobabilit~ distribution: 

Prob( a < X < b) = area under the curve with equation y=f(x) 
between limits a and b. 

e.g. For a fitted "normal" f(>:) for milk yields, the area under 
the curve between a=12 and b=22 is 0.73 (73%). This is an 
estimate of the proportion of milk yields in the region between 
these limits. 

~Q~ffi~l Distribution EQCffi~l~~ 

f (,c.) =- -f: e 

ateQ. =- I' to b ( o. < X ..c b) 

f -;. ~~J~ ~ 

,'£-:- ,<J,tU 
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u-,,.,v ~..Ail~ ~ ~ <.~?._,, 
b-r ,AV,J;/:vJ{,9 /1-.L ~_JV 

Ib~ §i9QQ~~Q Normal Distribution 

If X is 
population (i . e. 

is also normal 
distribution: 

X 

X-,P-

chosen randomly from a norma l l y 
is a normal "random variable") then 

Z = ( X - jJ- ) /<5 

di sti~ i buted 

and has f'- = 0 , CJ = 1 ( the s t andard normal -------

f (xJ = ) " 

-1 0 2 X 

( loca.fiCM fXM'Clt4rl\e.fe.,.- = o) 

(X-_µ)/d" 

{ Sc CA.le pcV'4"1 e.fct. = I ) 

-1 0 2 x-µ 

0 

figure 1. 7 Di~trihution of x . x - µ, (x - µ)/u where xis nonnally di~trihutcd with mean 
IJ. and variance er~ . 
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8~~~QQ~ fQC ImQortance Qf tn~ ~QC~~l ~QQ~l fQC POQUlation 
Distributions 

- much of statistical theory (e.g. 
on normality assumptions; 

t and F tests) is based 

- using standard 
misleading results; 

methods with non-normal data can produce 

-- the 
approximately 
interest; 

normal distribution turns out to 
appropriate to lots of populations 

be 
of 

at least 
practical 

even when it ' s not, transformations can often make it so; 

the multivariate normal distribution (with the necessity 
that individual variables be normilly distributed) is essentially 
the only model distribution for which a decent range of model 
specific statistical methods (e.g. multivariate analysis of 
variance) have been worked out; 

- multivariate methods not necessarily assuming normality 
(e.g. clusteringi principal coordinate analysis, canonical 
variate analysis) often work best in normal situations anyway. 

Po~ulation ~~~n~ ~n~ Variances 

Define: 

E<X> = the average value of X over the population 
which it is chosen 

( = the value approximated by sample means from large 
representative samples). 

N.B. The E stands for "expected value". 

For the normal, E(X) = J-"' (the location parameter). 

Thus the standard no,~mal has zero population mean. /A- i::-. used 
v ery generally to denote population means. 

2 
Var(X) = the average value of (X-E(X)) over the population from 

which Xis chosen. 

(app1- o;:imated by var· iances o-f large 1-epr-esentat.ive samples) 

For X normal, Var(X) G 2 

Thus a, the scale (of scatter) parameter is simply the standard 
deviation of the population. 
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lmQartant Characteristics gf the ~QC~§! 

mean= median 

1 standard deviation of mean 
2 standard deviations of mean 

symmetric , zero skewness 
68.3% of population within 
95.4% of population within 
99.7% of population within 3 standard deviations of mean 

~gem~! Probabilities and Percentiles in §~Qgc~l 

f(z) Prob ( Z ~ z 

is available in tables and statistical pac k ages <e.g. PROBNORM(Z) 
in SAS). 

(N.B. When using tables need to note: 

PROBNORM(-Z)=l-PROBNORMCZ) . 

To calculate P=Prob(a< X<b) in general, 
(say with p =30, a =5 ) , use: 

where Xis normal, 

p = PROBNORM( (b-.,A-t)/~ - PROBNORM < ( a----;.t) l<S ) • 

N. B. (b ·-,M) /tS is just the number of standa1-d deviat i ons from the 
mean to the interval endpoint. 

Picture: 
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Percentiles 

The 100p% percentile of a population distribution is the 
value exceeding 100p% of population values. 

a,~ea=p (100p 'l..) 

percentile. 

e.g. the well k nown number 1 . 96 for 
distribution is its 97.5% point. 

the standard norma l 

95% of a normal distribution lies within 1.96 st. 
its mean: 

deviations of 

Normal percentiles are available in tables or in most statistical 
packages. e.g. in SAS: 

~ 

PERCENTILE=PROBIT(P), 
/ 

for the standard normal case, or: -

PERCENTILE= MU+ SIGMA*PROBITCP l , 

for the general normal case. 

N.B. These functions are needed to construct normal probability 
plots, using statistical packages. 
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CHOOSING A DATA TRANSFORM WITH TWO CASE STUDIES 

1. Concentrating _Q!J: the di stri_buti on 
variable. 

of- a single samgled 

- finding transformations 
data distributions 

to normalise single univariate 

one variate at a time i n a multivariate cyclone data study 

multivar iate distributi ons a l so normal i sed in man y cases 

2~ Where our modelling includes t b~ degendence Qf Y m~~Q Y~i~~~ 
QQ the values of an X variable 

' of 

the regression modelling situation 

- e.g. want to transform Y to Z so that 

Z = aX + b + e r ror 

with "error"s randoml y sampled from a single no,-mal 
mean zero. 

Traditional Aggroaches: 

population 

e.g. the "centr-al 
transformation to icy 
of particle sizes. 

limit theorem" implies Z=logY is a good 
when Y1, .. Yn is a sample from a population 

e.g. the log transform has a long history of use in geostatistical 
studies of geochemical data. 

More Modern AQQroaches: 

C. Use of Normal Probabiiit~ Plots 

-- traditionall y done by hand on n ormal probab ii ity paper 

- now done by computer (e.g . SAS PROC UNIV AR IATE) 

The Normal Probability Plot Idea: 

Take the Y values (or residuals from a regression analysis, 
as appropriate) and put them i n increasing order. 
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If we call these values Y(1),Y(2) YCn) then we have 

If 
we'd have 

YO> < Y(2) < < Y(n). 

the Y's were from a standard normal 

Y(i) =mean+ (st.dev' n ) *Z(i) 1 

with the Z(i) · s being ordered values sampled from 
normal distribution. 

This is a straight line relationship. 

then 

a standa1-d ·--------

Although we can · t know the actual z ·s for our sample, we can 
calculate "e:{pected" orde1-ed values fm- a sample of n points from 
a normal distribution, to a good appro ;.:imation. He,-e "e r-:pected" 
means the average of the ith ordered value over a very large 
number of samples of n values from a standard normal 
di str··i buti on. 

SAS PROC UNIVARIATE uses 

E<Z(i)) PR0BIT((i-0.375)/(n+0.25>> 

the 100i/Cn+1) % percentile is also reasonable). 

The Normal Probability_ E.!..!;:rt. (or "QQ Plot") for the Y ' s 1.s 
obtained by plotting 

Y(i) versus E(Z(i)). 

If the data is already approximately normal then should get 
a plot like: 
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Trans f ormations to try: 

P,~v"'" _ _}.c-1 Y~ wi t h a <1 or log Y 

(d ecrease distances 
between low v alues ) . 

between high v alues relative 

E~:pe1~iment until linear QQ plot is obtained. 
The negati v ely s k ewed~~§~~ 

to 

(can occur i f 11 ove1-t1-ansform 11 posi t.i ve i y s k ewed data). 
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Transformations to try: 

T,~y yo., 

high values. 
function J. 

with a } 1 to give greater relative separation of 
[N.B. shape of Z v ersus Y plot is that of required 

y 

R~ Another Method: Ins~ecting Mean-variance Relationshi_ps 

levels 
oth2,~s 

useful only where there is systematic 
of the variable under study according 

variation in mean 
to the v~lues of 

- based on the requirement that variances not depend 
means on the transformed scale. 

The power or log transforms will work well when residual 
standard deviations C the standard deviations of the error terms 

are related to mean values by a power law: 

If 
sd(m) = k.mb, 

then try: 

logY, i f b=1 (scatter proportional to mean); 

Y~ with a=l-b otherwise. 

N.B. A 
Poisson 
dev"n) 

common special case occurs with count data having a 
distribution, in_which case the scatter <the standard 

of Y values is proportional to the square root of their 
(b=0.5), and the square root transformation (a=0.5) will be means 

app,-opri ate. 

Gi-- aphi cal imp l em,c?ritat i. on: 

- Do 
val LIE?S, 

an initial f it. 

Graph ~esidual s against f itted values. 

···· (""1ssess the rr~s i duai st.an d ar d' de v iation 
relation "by eye". 

a at a transformat i on ancJ 
steps. 

to obt2.ir, { l t t e:-d 
·-./ -· r~•.J. 

ve,sus mean --.ial ue 

rE·peat pr-ev i ous 
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- Stop ~-ihen scatter appear s not to v ar y wit h fi tteci v alues. 

,._ 
~ 

X )C. 
)f. 1 X .,.. 

X I\ ~ ,. )'. 

-- -- consfo . .,,,f 
>,. )C. 

J( ! sco.11,, 
)'.. 

..,_ >< 
,_ ;. ;< IC. 

'I(., X. .,.. 
~ 



~~ Maximum Li kelihood AQproach 

Concentrate once again 
trans f ormat i ons ( 1964 paper): 

on the u Bo;~ -·Co>, " f am i ly of 

ya, few a == 0 , 
Y~ 

log '<' -f ot··· a - 0 . 

applies to positive v ar i ab l es 

- capable o f f ix ing s kewness o f di s tr i bution 

- capable of fixing inhomogeneity of variance 

- have proven use f ul i n many practical situations 

One reference: Drape, & Smith , "Applied Regress i on Analysis", 2nd 
edition. 

!gg~ of Maximum Likelihood in §~ngc~1~ 

Need a paramet,-ic model for data p,-obabilities. (e.g. that 

Yia.., Y2et.., ~ 
Yn are a stat i stically independent random sample 

f ,-om a nor··mal population with mean )-A- and standard dev iationc::r- ) 

Apply a numerical optimisation procedure 
parameter values ( /'-"- J a , a above) for ~--Jhi ch 
probabi l ity for the observed data is greatest. 

In the e x ample given this amounts to 

= 

to choose the 
the model ' s 

• 
~ wher-e y denotes the oeometric mean o f the data values: 

y ( y 1 . y 2.y3 . y n) 

Fo, da t a f ,-om a ~-,;inglE~ sf~e~" dist r· ibu t ion rn- a ,- e g r·es s ion 
sit u ation, ma~: imising the likeliho od -fun c tion boils doi-m to the 
fol l • i.-Jing recipe (GENSTP,T, GLIM or SAS mai::r-o): 

• 
(a) Standardise the Yi ' s ta ha v e u n it geometric mean (d i ~· .i de 

b y y ). 
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(b) Search for the minimum of 

LLK(a} = n.log(residual SS/n), 

where the residual sum of squares is from a regression of 

Z = Yo.,/a 

on the explanatory variables; or is simply 

i l z~ -z ):z. 
l~ I 

when there are no explanatory variables. 

N.B. (i) Minimising the "log-likelihood function" LLl< (a) can be 
done by minimising the residual SS itself. LLK(a) is used 
because it is easier ta pick out the minimum from a plot of 
LLK(a) versus a (a few points can be sufficient for this>, and 
confidence limits for a can be constructed by cutting LLK(a) a 
certain distance above its minimum. 

(ii) Standard procedures for doing the optimisation are not 
included in statistical packages in general, but macros can & 
have been programmed to automate the steps required. 
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CASE STUDY ONE ---·-··-

Tasks: 

1. Model joint. di str· i buti on of cycl • nE·)---i nduced i\lave, wi ild a.nd 
cu1~1-ent v a.1-iabJ.es (f rom 38 ci2,t2. points "hindcast" ·fr-om histc,1--ic:aI 
cyclones that came i..iithin 200k m o·f a cet-t2in stn.1c.t.u1-·e). 

2 . • Develop pt-oc ed u r·· e -f or simula ting join t. W<'J,ve ~ l-'; ind and curr·en t 
occLw r enc es. 

...,, 

. ...:, .. Use this as a ris k anal ysi s tool . 



The Dat a: - - ·- ·- -

Ill WIIISVI 
u .• 11., .... 
, •. s ... , 
'·" 9.ff 
1.s, .... 
1 .. u , ... ,.s, , ... 
,.u , ... 
•.u ... , 
J·.u 
3.BB 
z.s, 
2 ••• 

VINDSPRD 
• 
• 
• 
• .. 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• 
• H • N • If 
• . .. 
• 

c s 1 -· 2 

H 

H H 

H H N 
t4 H H 

tt 
H 2 H .. H 

H H • • .. H 
N z H 

z H 
z • .. 
N 

· · · · · · · · i;: • · · · · · · i;: a· · · · · · z;:. · · · · · · 2;:. · · · · · · j;: ir · · · · · · i;: ir · · · · · · ~ .• 

VIID SPEED 

. HIN, ~ • 1z.•• u .• 
HEAN, ST HVN - Zl.1' 5.5-lZ 

HISToc.&AM. CLASS \Mta'FM , T'M' KM. ttHN,-l•T• 2 .... u.•• , ... • ' 7 ••• • F 
6.H • F s.,. • F F 
4.B• • r F F · r F , J 

3 ••• • F F F F F F F 
2 .... • F F F F f F F F F 

1.•• F F f f ' f F f f F f F ......... • ... ...... • ..... . ... • ......... • ......... • ............ • . ......... • 
IZ.• 11.. z,.. ]... 36.• 42.• 48 . B 

.,. 

Slf;NIFICANT \Mi¥£ N(lf;HT 

NIN, MAX - z.1•• ... ,. 
MAN, ST DEVN - s.9n Z.621 

•JSTO<;RAH. CLASS \IIDTH,TY,JCAl HIDflOINT• l .llJBIB 6.IIBB , ... • F 
•••• • F 
7.H • F ' , ... • f F f , ... • f f ,. F , ... • f F f , F 
J .•• • f f F f ,. F 
2.H • F f F F f F F 
1.N • F f F f r r F F F .........•.........• • .........•... ~ .....•...... ...•.........•.........• 

z.u , .. 7.U 11 .,. . .. ' u.• 
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QQ E!Qi§ for Transforms of Hs 

S-"i&lflCANT WAVl N(l,NT 
... POINTS l(l[CT[D ra0f4 •• 

~sro•" PAlAMITll• 1.••· 
$0lTCD DATA VS OUCl(D CAUSSIAN P(ac£NTILCS 

u.• . 
11. S . T 

II·• .. 
••. s 

j •••• t.H )JI 
T T 

, ... 
I.M T TT . .-.. . \lv ZT 
J.H ?<:; , ... . T 
,.u TlZTT , ... . TT 
I.H T.T2 

•••• lTT 

··" TTT 

•••• T nz 
J.U T T 
J.H T 
2.U T 
2 .•• 
. . . . . .. .. • .......... • ........... • ............. • . . .. .. . -,.• -z.• -a.• ·•••· · .... i .•· · · · .. i ..... · · · 3.• 

SlClllflCANT WAV[ M[l"'T 
H . POINTS S£LlCTU fa<>t4 341. 

~sro1" PAU.HLTC•• •• UH 

sea,~, OATA VS oaouu c.AWSSIA,N PUCCNTILES 
1.S., . 
3.U T 
J.M 
l.26 
l. •• . ' J.Q T 
Z.H T TT 
2 ••• 2T 
2.7. T 
Z.H T 
2.58 ZT2T 
2.U TT 
2.38 TZTT y · ·z.u 2 
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I.H TT T .... T 
I.JS T 
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l.U 
.............. • ............... • ........... • ................ • ............. • ...... . ...... • ...... . .... . 

-J.N ·-2.N -, ... •••• 1.H z.•• 3 ••• 
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z.n 
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••• .,2 
.u 
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·" .,. 
.u 
••• .36 
.21 
.H 
.12 

1.•~ ., .. 
. • 

T T 
T 
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T 
T 

TT 
ZTT 

2T 
TT 

TtT 

T 
ZTZT 

T 
nTT 

T 

T 

T T 

.L 
(o.= t) H l-

s 

,-J..-, ✓ + f) ;=c. 

..&OHS ( a..= 0) 
iL, . i'a' J ls 
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QQ Elgt~ for Transforms of Windspeed 

\IINOS,((O 
JI . ,01 • rs S[l[CT[D fl<lfl ,., 
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SOIHO 
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24 .• 
ZZ.4 
u . , 
1,.2 
17.6 
16 . .II 
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TTT 
2TT 
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a= O·S 

cs l -· l, 

\llaaucc, 
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... - COIC ll(UTIV( LIICCLll6000 FlltlCTl-011 
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67., 
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"·' 66.6 
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SORTED 
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5.76 
5.6B 
5.H 
S. 2-8 
S. 12 

' . ti , ... ,.,, 
'·" ,.J2 
'. 16 •••• J . U 
J.61 
,.~z 
J.,. 
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CrossQl • t of Transformed R~i~ 
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I. z, 
1 . 21 
1 . 2 7 
1.26 
1.25 
1.2' 
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Ai rn: To model the dependence of Y cm X 1 n the -foll m"Ji ng data fr-om 
a soil i-ehabilition area : 
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Linear Regression on X: 
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Residuals from Linear Regression of 1/Y on X 
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Residuals from Li n ear Reg r ess ion of logY on X 

-•---------• _______ , -•---------•---------• 
1.2 

e.e 

e. • I 
I • 
I 
I 
I 

e.e I 
I 
I 
I 
I 

-e. • I 
I 
I 
I 
I 

-e • 6 I 
1 
I 
1 
J 

-1.2 J 

• 
• • 

• 

• 

• 

• 
• 

2 

• • 
•• 

• • 
• • • 
• 
• 

• 

• 

• • 
• • •• • 

• •• • • • • • • 
• • 2 
• • • • ••• 

2• •33•2 • • •3 •• 2 • • • •• 2 ••• 
•2 22 • • • • • 

••5• 2 ••. • 
• • 

a •2 2• • 
• • 2•3• 

22 • • • 
••• • • 

• 
• •• • 

• 
. . • 

l 
I 
J 
I 
I 
J 
I 
J 
I 
I 

-•---------•---------•---------•---------•-
I .e J .S 2.e 2.s .... 

f I t..t.ed v • 1 ue • 

-•---------•---------•---------•---------•-
I. 2 1 

I 
I 
I 
I 

e." J 
1 
J 
I 
I 

e. • 1 
I 
J 
J 
I 

e.e I 

-e. • 

J 
-e.e J 

J 
J 
J 
J 

-I. 2 J 

56 
•62 

...... 
23• 

t • 

• 
I I I 

• 
• 

• • 

' ' 
••2• 

:12 
33 

"12 
26• 

2BS 
76 

•82 
66 

1/ 393 
5 ~~ 

(.f1 ' 

-•---------•---------•---------•---------• 
-3.8 -1 .s ••• 1. S JI •• 

•~pect.•d ordered normal valu•• 



., 

B 
0 

I". 

C 
0 

l 
0 

g 

1 
i 
I:: 

E­

l 
i 
h 
0 

0 

d 

Box - Co~ Choice of Transform (using GENSTATl 
9-

J;Y~ 
~ 

9 

-•---------• ---------+--------- •- ··-------•------ - --•-

I I 
I I 
I 
I I 

-:-70 
I \"') I 
I \ I 
I \ I I 

I I 
I I 
I I 

-'.:S(I I I 
I I 
I I 
I I 
I I 

-29(1 I I 
I I 
I 4 I 
I I 
I 1 I 

-::;.(H) I I 
I I 
I I 
I I 
I I 

-310 I C" I ..J 

I ' '-----3 8 I 
I "'---- -~- I 
I I 
I I 
I I 
-+---------+---------+------- ---~ ---------+--- -- ----+-

-1. 2 -(1. 8 -0.4 -0.0 0.4 (1.8 

E-Vc,}r,o 1 val s 1 1 kval s 
1 -6. 0(1(10E -1 -2. 9716E 2 
...... -1 OOC>OE (I - 2. 6746E ...... 
.£ . .L.. 

.:.., - ...... (>l)(>(>E -1 - 1 l 8(>E 2 otJr.tyt,.V,,,,,a... ;::' .,,_. ·-· . 
4 6. (l(>(l(IE -1 - 2. 9 .:. 8 .3E 2 
C' 2. C>OOOE -1 - ..,. 1 (16:.E ...... 
..J ._ .. - .:.. 

6 - ...... '7"599E ...... - ' 1 :.24 E 2 ..::.. . -.L.. -·. 
7 -1 496(>E -1 - ..,. 

125:.E 2 - ._ .. . 
8 9. 04(; 1 E -2 - "'t 1253E ...... ·-·. .L.. 

9 t • 1(1 t .. 
1 1 -2.95:. tE -2 - ·-· . 1 :.24E 2 

(). 0 



The Fi na.l Model 

1. .. 

1. 15 

0.9 

0.65 

0. 4 
3.2 

20 

15 

JO 

s 

', 

:A 

:A 

3.6 

:A 

c :.:_;.2 ·· 

:A 

:A 

4 4.8 

:A 

5. 2 

:A 
:A 

', 

6 6. 4 6.8 

0 '---..J.---'--~-_._-~~-~-~-...___..___.__ _ _.__.....___.._ __ .____._ _ _.____, 

3. 2 3.6 ••• 4.8 s. 2 5.6 6 6 .• 6.8 
X 



~~ MULTIVARIATE QBIB §Y~~BBY AND PRESENTATION 

Setting: 

Data matri >: : 

liarictble I\Jo. 

1 2 j L: 

s 1 10 8 15 
a 2 100 60 40 
m ' ·-· 
p 
1 
e 

i ------------------------- ): i j 

N 
0 

n 

k possibly related measurements on n samples. 

l\lotat i on: 

Xij = the value of the jth random variable ~"'hen measured 0;1 

the ith individuctl. 

The array of variable values for an individual 

e.g. (total length, alar e,:tent, 
length, ~eel of sternum length) 

beak+head length, 

!S often r · e f er-1-- ed 

"point" + rorr1 one 
dirnensi.onal "space ". 

= 156, 245, 31.6, 18.5, 20.5 > 

tG ( and 
( or· mot~ e) 

thought of ) as a (random ly 
popu lations of such arr ays 

gi \ / I_':; 

In t,·io and 
pictui-es of 

th,-ee d.i.mensior1s, ,.; c dtter · pJ.o-Ls can 
this view of mult idimensional data: 

humerus 
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o 10 ~ 

.. , 

U' 

' 

Pio! of tri,·ariat~ ob11er\'&tio111 on & •<'alter diagram in thrtt dimt-n91urui. 

Even 1,-,hen ther~e are more than two va,~i abi es, two ·var i ab 1 e at 
a time scatter plots are important to understanding your data. 
But it is easy to be overwhelmed with the number of such plots 
when i, is la1~gE•: 

~=-

I' 
' :s 

7 
8 

No. of oa(rs o u t •~ 

.::., 

b 

i(; 

15 
21 
28 

): (I.: + 1 ) / 2 - --· ·-· -- ··- --· ··-. -

The "dr-aughtsman ' s layout" (av ailable fon11 "S " 
to ease the confusion: 

:i s one \-.Ja ',' 
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L°""'43l•y Dot.a 

,- :-7 
I• • 
I ._ • 
' .. 
L_:~_J 
,~·--7 
L ~ • J 
[:'- _._. __ _ 

r-. ~ r , 
·1 . { 

\ : 
[, _ _._ .. J 

!":"7 . ;. I 
I • I 

l ·--~ 
. _·J ,·-n 

I. ·1 
~- ___ · J 
.,.. ...... , ........ 

,-·-·71 
I •• •• I 
I •• • _J k:· ___ _ 
p,ef"'l•t.l•,,. 

Ther e are man y ways in which two at a time scat t e r plots can 
fail to give a full picture . 

Such pbssibilities are illustrated by the following case in 
which single variable summaries or plots would fail to reveal an 
important split into groups in two dimensions: 

x, 



5 ··11 

To avoid similar traps in two at a time plots, schemes are 
needed to picture 3 or more variables in ways allowing visual 
discrimination of data groupings or other patterns . 

Three variables can be displayed on a single bivariate plot 
b y using the 3rd variable to code the symbols used (PLOT Y*X=Z in 
S1-~S). e.g.: 

C"' PPJVl 

3 

Poi ... t Sy""'bol ( Colour) 

2. 

4 

s 

Ph PPM 

0 - 5 

S - lS 

'2S - 115 

125 - (:,2S 



._-:; ,_, 

There is a ran ge o f more soph isticated 
ava ilabl e f or multi variate data : 

pi ctrn- j al 

Severi! composite symbols into which to code •back• viriates 

✓ 'b ~ W••~~ 

~ I 4 ~ ~OIIIM'9 

~ "6 "(!-··-
~ -d ~ -

'ow_.....,....., 
.,,,,, .. c,,t'YC"IOl'I 

V ~l y Y/ ........ -~'OM'"' .. 

0 ~ 0 
_,_ 

@ © ® © .,,..,._t'""V'" 

~ ® ~ ~ c- • •acn 

Example use of Chernoff's faces: 
, ..-----~'°'"4. dit.Ct'Ofll 

Soa,,odoor,., __ __ ~:-GJ _ .... ,nc .. "'4 

~----- - -s..oi- -do 
,-,--._ 

o,.,.. ---------
11a,....,. ..,, .. ~ . MJ 10, ,,n 

Q·~····· I I l I 

~ ,,...-.. - -
)00 400 ,oo . 100 700 

I 00 • 00 10 00 1100 

c odi ng s 



Usi n<] 

var-iable 
basicall y 

such symbols infor-mation about 
can be coded in the symbols for­
a bivar i ate plot . 

E 

100.0 

90.0 

more than 
points on 

one e >: t,~ 2 . 

~-ihat i s 

80.0 /2.~ ~~ o...,__., 
C,.s;-.#'~ 

70.0 
Y' 

/pJ~ (,L 

t:- P 60.0 

50.0 

40.0 

30.0 

20.0 

10.0 

10.0 20.0 30.0 40.0 50.0 60.0 70.0 80.0 90.0 100.0 

Figure 1. 7.3 A glyph rep,emilation of the corlc data of Tabk 1.4. l. 

map, 
map 

l\iher- e 
such 

to get 

dat a has been collected f rom different p ositions on a 
symbols could be pasted or directly plotted onto the 

a picture of spatial variation in multivariate 
11 signature". 

Cherno~f s faces 
statistical package S 
out.put: 

a e> 
Or-cJe,-, _., 

7 

ciOWt\ e e> dr,I I 
hole. 2 B 

0 0 
] 9 

and star symbols are available 
(under- Unix or VMS). e.g. the 

fonn the 
following 

(he.-,.,of"f · • Second E.wc,..p le 

e> 0 0 0 . 0 0 0 
13 19 25 31 37 •J •9 

(:0 0 0 0 n \0 8 C> 
I• 20 26 32 38 .. ~G 

e 0 0 (\ 1·J 0 0 :J . 
\,. 

IS 21 27 33 3,; •S 'ii 

qupubl Jean Vctus (Northeast) 1856 - 1976 

• • " ~~ ~ - <:?' w 
Co,...nc.ct.1 cvt. 

N•w ~o"'p • M1r• Pe,-,n•yivon10 



A -final data display/e>: ploration idea to mE·ntion is that o-f 
p l otting all variables at once on the same a:-:is (standardising in 
some way first if di f ferent measurement scales are involved), 
u :::;i ng =-ample numbe,~ o~- (say) di stance along a transect f •, - -the :<-· 

variable. e.g.: 

105 

100 

95 

90 

85 

BO 

75 m 
'ii 

70 

65 0 Ell 

• Ell 

60 " 
55 ~ 

• 
50 

45 

40 

35 

30 

25 

" 
B 

• Q 

Ill IQ 
Q 

Ill Ill 
" • 

• • • 

0 ". 'i1 Ill 
Ill 'i1 

• • 
Ill • 

Ill 

• 
Ill 

'<J 
00 

Ill 

• 

• 
0 

" 
0 
Ill 

"8 
" 

Ill 
Ill Ill 

• 

• • • 
0 

Ell 

" 
Ill 

• • 

0 ". Ill V 

'Q • 

I 
'<J • II! • Ell 

• ••Ell 0 
6l V • 

' • Ill 

zo~1~2~3~4~5~6______,.,7~8~9-1~0-1~1-,~2-,~3-,4~,~5~,G~11~,e~19~20-2~,~22~23-z~4-z~s-2~6-2~1~2~s~ 

Consecutive univariate representation (after Pearson, 1956). 'v = N, 
0 = E, EH = S, • = W. 
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Summary Statistics: 

The main non-univariate summary statistics are bivariate 
measuring the degree of l iQ§~C association between two variable. 
They a1-e: 

1. Covariance cov(X,Y) 

:-~cd,v.J..-/4-

= popul at :i. on mean value • -'·· (X --mea.nX). ('-/' -·· mE>anYi. 

cr< 
( ~ ( 

The sample covar i 2.nce used a s an esti ma trn- of the popul at :ion 
quantity l=-= 

( the s.um of ( X i ·-X ) • ( y j_ - Y ) - --- - - -·· -- ------- - ·· - . -- -- - - - ·-· 
( n-1) 

/ 
as f or sample variance 

--:, 
..:. . .. Correlation --------------

Covariances have dimensions: (scale of x;.. (sea.le o ·f Y). 

As well as reflectirig the deqree of linear association, they 
are determined by the extent of X and Y scatter. By contrast, 
correlations are dimensionless quantities reflecting only the 
degree of linear association: 

cori~elation X,Y covariance ( X, Y) / <l">< . 6'y 

11/ 
population st. deviations 

o .. , _oJ 
Alternatively, can regard the correlation of X and Y as the 

covariance of the standardised forms of these variables: 

unit standard deviations 

Correi ati o ,,s 
( inc l usi v e ) . 

•:oft e n denoted 

( a) 

,-Ji th 
p is c J. ose to :\ when \' ··- ,..u..,, is ·•,Ei-· ·y 

1 r p 7' : : th•.:: r: v = ? Y l ::• ,: x -•)A,, > 

a.1 vJa y s · J. an d 

CJ .:::,. ( \ 

1.E:·. p 1-:c. ;-, e:2ccu · 01-H::• .-ii-,en positive':' X dev 'c.?. tirw; s t 1 · r_1m i:he mE· L'l: n die 

c losely associ at ed w i t h po s iti ve Y deviat i ons, in a nearl y l ine ar 
r-e.lation . 

(b) .,,O 1s close 

vii th a<O. 
tc -- 1 1.·Jhen '(- ./"'Y i s ver ·y- ne.,,\r-J ,, equal t . ':( ' .. o a ( ... _,,t,(.l(! 



' . 
: .,· · :1 •.:.1 

The Meaning of Near Zero Correlations: 

Associat i on s d un · t e:-: ist , 0 1· · are n o n ·· J-i.-9-e c:,r- i n n ature. e.g.: 

: . .. . . . . . 
.,. ... ' . ·-· 

="" 

.. . .. . · .. . .. . . 

nonlinea r i ti es in rel atirn,ships , Unless. ch ec!-:.5- a 1-e made f rn·· 
correlations shouldn' t always 
i mpo,- tant he,-r~). 

b e trusted (t r ansformations can be 

Estimating Correlations: 

1- S 'I<'/ /s>' Sy 

+ sumo. Y) 

The following page illus trates a series of 
cases (bivariate normal) where associations are 
extent that they exist at all. 

cor 1-ei at i ans 
l . 
... 1 near, to 

1 n 
the 
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E x amQle Values o f r i Wi th n=100 

("random " c omp u ter s e l ect i on s from b iva 1-iat.e p op u l a tion s) 

'( 

t 

... .. . .. . .. ~.,.:. - . -: •,·· .: -. 
'• ,, • • r • 

• : .> • ·-
,I - -.. . ;•=:.~ ~;. 

I • ••• \. • • 

.,,, -: . .. :· ... '· 

I 

. 
::., . . . 

"-------------------11 "------------------• 
r = 0042 
p: 0-0 

,. ... - -: ... -
• , ✓ • • . , ..,.. . . . , .... 

. -~ ... , -: . , .. _.,, ~: . 
•,.> ••• I • .,.,• 

• • • : • ~. ·.: • &. : • ·: .... . , 
• • f ··::. • • ... 

y 

r = .300 
(':. o · l 

.... ,. 
. ... ! . .... . . 

, _-;. ··: ..... 
. . . -... -. ·- .. 4: .... _.• • • : ~ ,,:. 

. · .. ,·. -,:; . 
. ·! ·,.. . 

.. :. ·::~; ·, 

.:', .·• 

.___ ________________ , ..__ _________________ , 
, = . 498 
/3-= 0-~ 

l 

, = .697 
f'=-0-7 

. ' .-... ! . . ·., ... . . .. ··.' · .. 
: ,\.. .· 

• < .. ..- I . )', ,,., 
~~_.\;,:-

.. {· . ". ·-. -~~-",,-. . ; . .·. 
·' . ·.. . • I 

, = 898 
,,. -= 0 . q 

II 

f ,,E;;,fl L,,, ( 0 I 

(( '.~1 
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6. THE MULTIVARATE NORMAL MODEL 

This is 
di st,-i buti on of 

essential I y the QI}!__ '{ mode l ·f-rn- the " joint" 
multivariate data f or whic h a decent , practicaily 

use ab i e statistical theor-y e ): i sts. 

One r-equi 1·· ement -f 01- t.hi s mode l t.D apply i '=· that each s-i ngl E? 

variable be normall y distr i buted: 

f(x) .::.. 

·fr· om mean 

To understand the multivariate 
" mu li.: ivar-iatE· probability density " 
biva1·· iate case~ 

n • 1-mal 

i =· worth 
the 1cieo 

kno~ ... i ng. 

f (x,y)=population proportion of points per unit xy-area 

3 +, 
;· 

(
no. sample pts in a small xy-area) 

total no. of sample points 
area of small :-:y --regi on 

o -f 
In 

a 

t he 

C:Ot'l f OU. rS. 

' 
(I~ v.fPM) 

lo 

2 

I 
• 

0 • 

• 

• • 

• 

• •• • 

• 

• • •• • 
•••• ••••• • 
••••• 

•• •••• 

• 
• ® • • • • • •• • • 

• • • • •• • • 
• • . ..... •• 

---•------------------- ---------•-----------------------------•----------------- -----------+ .. --
-.l. 

hieh ptob~bi lity 
d er\sity 

0 

low probcd,1"li°ty 
dens ify 



In more than two dimensions the idea 1-emai ns the same: 

f ( :: 1 ,.~ .... •. 
, ... ~-- , . ... ·-> • •• '>: k) - prop n pop ' n in smal l neighbourhood 

volume of neighbourhood 

The mu!tivariate normal model can be characterised 
shape of its probab i lit y density contours . They are 
ellipsoidal. 

"'> 

Four l'llipeoida repreaenting cloud• or ot-rvalion• 

by the 
a! ~•\Jays 



For a multivariate normal population all the 
den s it v ellipsoids have the same straight line axes: 

6 

Y, 

2 

0 ~------=-2 ___ ..._ __ __._4 ___ ...._ __ ----'6'--- .. , 

Figure 2.5. I Ellipses of equal concentration for the bivaria~ nonnal distribution, 
showing the principal compont:nts y1 and y2 , where ,,.' = (3, 3), o-11 c: 3, o-

12 
= 1, 

U,i = 3. . 

As a consequence o f the abov e, all associations between 
variables ar-e "linear": 

Best predictor of X2 from Xi a.O + al. Xi 

Best predictor of X3 from Xi, X2 aO +al.Xi+ a2.X2 

A good way to pictorially represent a bi - or tri-variate 
normal distribution is by drawing the probability density contour 
(or surface) which includes 95% of the relevant population. 

Mahalanobis Distance 

thE· one · di 1nensi on ai ,-· , c-. i::, , 

·,/ ,~, 1 L{ e' :- : the pop1. i.i ,3t i ,::1n rr,,~a.1 ·~ 1 ,;; _it.tsi.: : 

i) 

di sta.nc "'' s c al eJ tu adjust for the X 
by (j 

u. ·/Lt_ (\,()~ ~ ~ s ~O"""- /h.. 
~ 

s catter- imp :i i ed 



The 95% probability interval with equal 
densities at its end points is ~l~~~~ g i ven by: 

probability 

D < i. 96 

D 

:x. J,t+l•qbd 

I 
= \ x~p ! 
= numb~ r of sfo.r1clard 

devit1f i011s f r-o,., t"4 mean 

< I ·'H, 

SimQlest Bivariate Case - Uncorrelated X.Y 

In this case, the probabi Ii ty ellipses hav e a::es. pcti-a , 1 e1 to 
the X,\ ax es (no relation between X and Y values). 

y 
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The probability density is: 

f( :~,y) = 

l = constant.exp(-D /2) ~ 

where the Mahalanobis distance 

D j (x- µ_JC )~ 
J;,. + 

is basically ordinary Euclidean distance standardised to allow 
for the seal e of X and Y scatter implied by ~,c and ~ y 

Because the probability density is a function of D alone, 
the probability density ellipses are given by equations of the 
fOl-m 

qiven 

l .. f:'-' . 

01--d ina1·· ·y· 
become 

Ii, t,--ic, 
b y : 

Th e 50% 
g i v en by: 

D = C 

+ 

rJ J st,;;t·rcE? a: ,1d t he 

D'2. ( c:: ,. f . j . 9 6 '). 1 or· 1 cl i n, ' r1 ) 

probability ellipse in two dimensions 1 s al vJays 

a. 
D - · 1 . 3S'. 



b -·- l 3 

In fact for an y specified probability p •· the 100p% 
probabi l it y ellipse will alway s be e x pressible as : 

D 

where dp depends 
par a mete,--s ) . 

on ly on p not 2,n y of the distribution 

This the mear1 i nq o ·f the standar·di sat :i. on 
i'1ah,::.1 ar,ob i s di stances. 

The Genera~ Case 

Al ~.,,a y s have: 

X I • X. ~ X. ~ ' .. . ?(.,Jc 
I ,- , l. 

(a) f (x1,x2, xk) = constant.exp( - D /2) 

where the constant 
(high spread means 
d istance of ( ,:1, >: 2, 

is determined b y variances and 

l ower densities), and Dis the 
:·: k) ·from (JJ1 ,/'42-, ... r~) . 

i mp l i c i t in 

cova,,-iances 
MahaJanotJis 

:i. 
< b) D is s tandardised for the v ar iances and c ovariances of the~ 
variables. e.g. vihen all va,.-· i ables a.re u11con--el ated, 

(,c, -~,)l. 
.-, = + 

Mathematical B~i~~~ 

In matrix terms , D~ equals 

l 

. . . . 

• 

.... 

ifl>1er-se 
~ 

- I 

·.,.- ct. r 1 ,;-t n c: e · c: CJ ..... 2: r-· 1 an c t~ rn at r- i : : \ 1 

; ,_'j 1 • j 1 1 Sh O ,-- t I-; 2. r, d : 

(c) For each k (no. 
c 0 11"t a in i n g 5, i O, 1 5, '.20 . 

of v a 1·- i a i-. es) 

,90,95,99, 

. . 2. 
< <. ; : --.,,,...) / cs ; . 

the probab i lit y e1Jipses 
per c ent • f the population 
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are all ellipsoids of equal Mahalanob i s distance d , with the 
distances for given percentages p be i ng fully determined by p and 
k .. 

e.g. 

~~~mQl~ Mahalanobis distances containing ~Q§~iii§~ i;,_o~ulation 
i;,_1-oi;,_rn-t ions 

N.B. These 

p 

i 
2 
3 
4 
5 

.50 

0.67 
1. 18 
1. 54 
1. 83 
2.09 

7r= 
• ; ..J 

l. 15 
1. 66 
2.03 
,...., ~'J, 
...:..... .. •-•L 

2.57 

.90 

1. 65 
2 . 15 
2.50 
2.79 
3.04 

q= .. , .. J 

1_. 96 
2.45 
~ -,0 
..:... . / , 

3.08 
-::- ~-;:" .._, . __ ,.._, 

.99 

3.03 
3.36 
3.65 
3.89 

are the square roots of the 100p% percentile of 
chi-squa1-ed dist,-ibution with k "degrees of f1-eedorn 11

• 

the 

Thus the standardisation implicit in Mahalanobis distances 
means that probability ellipsoids can be worked out from standard 
tables (or percentile functions in statistical packages). 

Mahalonobis Distances in Practice? 

They 
pi-act ice? 

important conceptuall y. What good are they lrl 

(a) Calculating I~§m 

If you have a group of obser v ations on Xi, Xk 
might 've come from a single multivariate normal population 
some transformation?), then you can do: 

which 
(after 

(i} Estimate each variable~ mean and variance in the usual 
way. 

( i i ) 

sect i or, 5: 
Estimate cov.~n- i ances and vat- i ar.ces as 

si j - sum of (::i-;: ) (v1-·y) 

( n --- t) .. 

>'. i ! i) E•;t:i m.ste i nd i ·-.,idua l D'•"' • t !Si 1·.g: 

"'l D = 

e , : plained in 

vJO U } 0 <;r::rter· a I 1 y i .. ·ee:Lli r · <:-:: C.\ hit rJf p1··· rj qr- · .~ rr:,n i ng ( nc:,t. 
stat. istical pac kages) . For i~stance, i n '.--3i-~r~ 1 3 

cD mb i.nc.t ior. o -'/ F'RCJ C f3 COr-d-.:: an d MATF<I X could b •~-, u ,; ed (Sf~S PF:OC 
CANDTSC ~--i .i. li outpul 11ahalanobis dist a nces in a 
analys .is situatjon; r=•r;:oc DISCRil"l i s based on them). 

di scr-i mi nant 
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Ll§iQg them to test for the ~g~g~~~y of 
assumQtions 

t · :i. :i. Dn:a. - b · A callee 10n D1,D2, of Mahalano 1s 
estimated as above should be approximately chi - squared 
degrees of freedom (the approximation comes in because 
must be used in pl ace o f the un k rioi'l/n population 
co-•,1ar· i anc:e mati-i :: i. 

di stances-i. 
with k 

~ and S 
mE•an and 

A chi - squared probabilitv plot (ordered D~ s versus 
e:-: pectecl Ol- dered chi -squares) =-haul d theref 01·-e be appr-o;: i ma tel y 
linear under multivariate normal assumptions. A graph i cal test 
{or normalitv can therefore be done by inspecting such a plot . 

A simpler, 
that. the cube 

and in some ways better idea, 1s to use the f act 
roots u+ the Mahalanobis distances should be 

approximately normal l y distributed. 
standard normal QQ p1ot. 

This can be checked using a 

N.B. These tests only work on the distance structure of the data. 
Other t.E·sts have been ,•Jor-ked out for 2.ngl es made with r-adi i drawn 
from the mean point (see the book by GNANADESIKAN for details). 

(ci Checking for anomalous ---·------- values -·-----·-

Outlying values (with distances larger than is likely 
the mean point) will stick out on QQ plots done as above: 

from 

Or-de.red 
01/1 

-2. - I 

.. 

0 

-.·. \ .. -
' ' ' . , ... 

2. 

Gf\omol ou, 

~k f ~~ 
~J--
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7. ~~B~§~§ QE COORDINATES~ PRINCIPAL COMPONENTS 

B~ bi~~~C ~b~og~2 Qf Coord i nates 

Consider : 

By a bit of trigonometry, can work out that: 

y1=cos0~:1 + sin9 x2. 

[ yl = AC + CE 
= AC + CDsin8 
= AC + (x2-BC>sin9 
= AC + x2sin8 - ACsi n-a. 8 
= ACcos-i9 + 

,.., . 
X..:..S1n 

= ACcose.cos8 + >:2sin8 
= x1cos9 + >:2sin8 ] 

Thus a new coordinate axis rotated from the Xl 
produces coordinates given by an expression of the farm: 

yl = a1.xl + a2.x2 

(where, in the e >:amp l e, a1 and 
1·- espec:ti v el y ) . 

In general , a n y e x p r ession o f the f orm 

y i = a1. :: 1 + a2. ;~2 + + 2.k. ::k 

axis 

sinlJ 

( termed a .'.~J_i.Q.g,~c combination" of :d ,::2, x k is a ( possibly 
rescaled) measurement along a rotated coordinate axis in !· ­
dimensional space (obtained from dropping a perpendicul ar for 
( >: 1 , :-: 2 , >: k ) t o that a ~<i s ) • 

The a :-: is 
di ,-ecti on of 

fulfilling 
the v ector 

the above 
joining the 

is simply that 
rn- igin <O,O, •.. 

in 
0) 

the 
to 
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<a1,a2, .•• ak). 
"- •~- -- -

e .. g 11 : 

( = c.os 8 X, + 1:i-,8 X a. ) 

dir~c.tio"' v'ec.fot"'. 
"to~ O.'KiS 

A concrete Example: 

Consider y = 2x1 + x2 

\ 

q \ 
\ 

\ 
\ 

\ 

\ 
\ 

\ 

x, 

X2. 8 ' \ 
\ 

\ 
\ 

\ 

7 

Ca 

~ 

'+ 
\ 

1 \ 

l. 

' \ 
' \ 
' 

''f = s 
' ' 

\ 

\ 

\ 

' .. 11 10 

\ 

' 

' \ 

\ 'I~ IS 
\ 

\ 

\ 

\ 

\ 
\ ~ :t2.0 

\ 

\ 

\ 

Y o.,cis 
(. scale dil'f~tl 
'tl"01'11 XI o.a,d X 1. 

sc.a/ts by Cl fo.cfor of .fs) 
\ 

\ 

\ 
Y d,redi~ I • \ \ \ 

\ vecior- ' \ 

0 1 " c; ' 7 8 q 10 II I 2. x, 
Much o f classical mu l tivariate analysis , particularly that 

involving the multivariate normal distribution, revolves around 
the identification of new coordinate axes along which important 
data features are highlighted. 

As we have just seen, this is equivalent to looking f or 
linear combinations of the original variables (possibly 
transformed) which best capture a particular data feature. 

e.g. for a morphometric data set, 

Y = 4. log (length 1) - 3. sq,·-t (length 2) -- 2. (length 3) 
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might conceivably be found to be best at separating two closely 
related species. 

i.e. the 
sq,~t (1 ength 
projections 

axis in the <4,-3,-2) direction in 
2) , length 3 ) 11 space" may be such 
onto it keep the groups separate. 

log (length 1), 

that perpendicular 

By appropriately choosing r linear combinations (axes) 

Y1 = a11. Xl + a12.X2 + + aik.Xk 
Y2 = a21.X1 + a22.X2 + + a2k.Xk 
Y3 = a31.X1 + a32.X2 + + a3k.Xk 

Yr= ar1.X1 + ar2.X2 + •.• + ark.Xk 

the data can be ,~epresented in a lower number of dimensions than 
originally. Usually hope to get r down to two or three without 
losing the information of importance in the data. 

Two methods of axis choice to be discussed are: 

Principal Components <e.g. from SAS PROC PRINCOMP) 

Canonical Variates (e.g. from SAS PROC CANDISC) 
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B. Princigal Comgonents 

In two dimensions, the idea is: 

- choose Yl so that the variance in the Y1 values is 
maximised 

- choose Y2 orthogonal (perpendicu l ar) to Yl. 

I 
I 
I 
I 
f ✓ 

' / ' " : / 

/ 

/ 

' I /8 
-- --------*'- -------

/ 

/ 
/ 

/ 

········r- ----"', 
, ' ' . . ' 

. . . 

, 

/ I '­
✓ 

✓- ', 
"/ . 
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Points to Note: 

(a) 
space), 
are also 

As well as being orthogonal 
Y1 and Y2 CPRIN1 and PRIN2 
statistically uncorre!ated 

(as axes in two dimensional 
in SAS PROC PRINCOMP output> 

(as random variables). 

(b) When (X1,X2) have a bivariate normal distribution 
(Y1,Y2) align themselves with the principal axes of 
probability ellipses, in decreasing order of axis length. 
are the "natural" axes from which to view the normal model. 

then 
the 

They 

(c) Principal 
packages by matrix 
and (a21,a22) are 
covariance matrix 

s 

components are obtained in statistical 
algebra. The coefficient vectors (all,a12) 

"eigenvectors" of the sample variance-· 

(d) Usuall{' these eigenvectors 
length (a11 + a2 =1), so that the Yi 
simple perpendicular perpendicular 
rescaling. 

are constrained to have unit 
and Y2 axis measurements are 
projections, without any 

(e) With the above constraint, the variances of the 
uncorrelated variables are equal to the so-called ''eigenvalues" 
(the name by which they are often labelled in output from 
statistical packages e.g. SAS PROC PRINCOMP). 

(f) The line through the mean point 
is • the "line of best perpendicular fit", 
of squares of perpendicular distances: 

parallel to the Y1 axis 
giving the minimum sum 

(g) It o-ften 
standardised versions 
largest variance will 

makes sense to do principal components an 
of the variates (otherwise the variables of 
tend to dominate the pr ·incipal components). 

(h) In p,-actice, principal components on standardised 
variates can be obtained by submitting the correlation matrix to 
the eigenvalue analysis, rather than the covariance matrix ( this 
is the PROC PRINCOMP option). 

-. 
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~QC~ Ib~D I~g Dimensions 

- Start as 
maximum variance, 

in the two dimensional case, choosing Yl of 
then Y2 of maximum variance orthogonal ta Y1 . 

Then choose Y3 of maximum variance orthogonal to the Y1,Y2 
plane. 

Choose Y4 of maximum variance orthogonal to Yi,Y2 and Y3. 

- Choose Yk of maximum v ariance orthogonal to Y1,Y2 • •• Yk. 

Points (a)-(h) for the two dimens i onal 
general. Point (f) can be expanded:· 

case apply 1n 

- The plane passing through the mean point and parallel to 
both Yl and Y2 is the plane of best perpendicular fit. 

- In general, the r-dimensional subspace through 
the r-dimensional b:1,x2, ••• :{ k) paralel to all of Y1,Y2, ••• Yr is 

subspace of best perpendicular fit. 

In choosing the number of dimensions r needed to retain the 
main features of the data, the main tool is the decreasing 
sequence of eigenvalues (variances) associated with the principal 
components. Their sum can be shown mathematically to equal the 
sum of the variances of the original variables X1,X2 ... Xk (the 
"trace" of the variance-covariance matri>:). 

The relative importance of each principal component can be 
judged by expressing it's variance as a percentage of the total 
over all components - the "percentage of variance explained". 
Cumulative percentages are often also calculated. Rules such as 
requiring 96X of variance explained are sometimes used to choose 
r so that the first r principal can be considered to contain all 
worthwhile information. 

When the data is multivariate normal, statistical tests can 
be conducted to aid decision making. e.g. a test of the 
hypothesis that all eignenvalues past the rth are equal (so if 
one is judged unimportant, so must the rest be). See MARDIA, 
KENT & BIBBY for details. 

P1-incipal 
tool , without 
transformations 
di st.i- i but i onal 

Size and Shape 

components can be used simply as an exploratory 
any r1ecessi t y for model i.4.ssumpt i ans ( though 
to, at 1 east 1- o ugh 1 y, r e move an y g1-oss 

asymmetries would still be recommended). 

When the original data consists of sizes of various parts of 
individuals (e.g. total lateral shoot length, trunl, circumference 
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and height for trees>, the first principal component often gives 
all. the original va,.---iables roughly equal positive weights 
(coefficients). This means it can be interpreted as some kind of 
overall size measure. In this case the other principal components 
must have both negative and positive weights (a consequence of 
orthogonality), and therefore are contrasts between weighted sums 
over different subsets of the original variables. These 
components sometimes have sensible inter-pretations as as "shape" 
measures. 

Discovering §cg~Q§ 

Sometimes principal components may help but not al 1<Jays: 

bc.<.t: 
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CASE STUDY THREE - PRINCIPAL COMPONENT ANALYSIS 
(from the SAS User's Guide: Stat's) 

The data consists of crime rates per 100,000 people in seven 
categories, for 50 U.S states. 

The default form of principal component analysis in SAS uses 
does an eigenanalysis of the correlation matrix (the covariance 
matrix of the standardised variates). The eigenvectors provide 
coefficients for standardised variates. 

The first principal component measures overall crime rate. 
The second can be interpreted as measLwing the preponderance of 
property crime over violent crime. 

The plot of PRIN2 vs PRIN1 with points labelled (an example 
of an ordination) provides interesting information on regional 
trends (e.g high preponderance of violent crime in S.E. states, 
vice-versa in New England states, low overall crime rates in the 
Dakotas, high in California and Nevada). 
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Crime Rates: Example 2 

The data below give crime rates per 100,000 people in seven categories for each 
of the fifty states. Since there are seven variables, it is impossible to plot all the 
variables simultaneously. Principal components can be used to summarize the 
data in two or three dimensions and help to visualize the data. 

DATA CRIME; 
TITLE 'CRIME RATES PER 100,000 POPULATION BY STATE'; 
INPUT STATE $1-15 MURDER RAPE ROBBERY ASSAULT BURGLARY LARCENY AUTO; 
CARDS; 

ALABAMA U.2 25.2 96.8 278. 3 1135 . 5 1881.9 280 . 7 
ALASKA 10.8 51. 6 96 . 8 284.0 1331. 7 3369.8 753.3 
ARIZONA 9.5 311. 2 138.2 312 . 3 2346. 1 4467.4 1139.5 
ARKANSAS 8.8 27.6 83.2 203.4 972.6 1862.1 183.11 
CALIFORNIA 11. 5 119. q 287. 0 358.0 2139.4 31199.8 663.5 
COLORADO 6.3 112. 0 170.7 292.9 1935.2 3903.2 117 7. 1 
CONNECTICUT II. 2 16.8 129.5 131. 8 1346. 0 2620.7 593.2 
DELAWARE 6.0 211.9 157.0 1911.2 1682 . 6 3678. Ii 1167.0 
FLORIDA 10.2 39.6 187.9 449. 1 1859.9 3840.5 351. 4 
GEORGIA 11. 7 31. 1 1110.5 256 . 5 1351. 1 2170.2 297.9 
HAWAII 7 .1 25 . 5 128.0 611. 1 1911.5 3920.11 489. Ii 
IDAHO 5.5 19. II 39.6 172.5 1050.8 2599.6 237.6 
ILLINOIS 9.9 21. 8 211. 3 209 . 0 1085.0 2828.5 528.6 
INDIANA 7. q 26.5 123 . 2 153 . 5 1086.2 2498. 7 377. q 

IOWA 2 . 3 10.6 q 1. 2 89.8 812.5 2685.1 219.9 
KANSAS 6 . 6 22.0 100. 7 18 0. 5 1270. II 2739.3 21111. 3 
KENTUCKY 10 . 1 19. 1 a,. 1 123. 3 872 . 2 1662. 1 2115. II 
LOUISIANA 15. 5 30.9 1112. 9 335. 5 1165. 5 21169. 9 3 3 7. 7 

\ 

VERMONT 1. 4 15.9 30.8 101. 2 13118.2 2201. 0 265.2 
VIRGINIA 9.0 23.3 92. 1 165 . 7 986.2 2521.2 226.7 
WASHINGTON II . 3 39.6 106.2 2211. 8 1605 . 6 3386.9 360.3 
WEST VIRGINIA 6 . 0 13 . 2 42.2 90 . 9 597.4 13 4 1. 7 16 3. 3 
WISCONSIN 2 . 8 12.9 52.2 63 . 7 8116 . 9 2614.2 220 . 7 
WYOMING 5. 11 21 . 9 39 . 7 17 3. 9 811 . 6 2772.2 282 . 0 

PROC PRINCOHP OUTcCRIHCOKP; 
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Output 28.4 R~sults of Principal Component Analysis: PROC PRINCOMP 

CRIHE RATES PER 100,000 POPULATION BY STATE 

PRINCIPAL COHPONENT ANALYSI& 

50 OBSERVATIONS 
1 VARIABLES 

SIMPLE STATISTICS 

HURDER RAPE ROBBERY ASSAULT BURGLARY LARCENY AUTO 

HEAii 1. u~oo 25 . l)QO 12~ . 092 211 . )00 1291. 90 2671.29 )77 . 526 
ST DEV 3. 86611 10. 7S96 88.319 100 . 25) 1l2 . H 725 . 91 19) . 394 

CORRELATIONS 

MURDER RAPE ROBBERY ASSAULT IURGLARY LARCENY AUTO 

HURDER 1 .0000 0.6012 0.18)7 0.606 0. )8 58 - 0. 1019 0. 0688 
RAPE 0.6012 1.0000 0.5919 0 . HOJ 0.7121 0.6UO o. )09 
ROBBERY 0.0)7 0.5919 1. 0000 0.5571 0.6372 O.U67 0. 5907 
ASSAULT 0. 6•86 0. 7•0) 0.5511 1. 0000 0.6229 0.tOU 0. 2758 
BURGLARY 0. )858 0.7121 0.6372 0.6229 ,. 0000 o. 7921 0.5580 
LARCENY 0. 1019 0. 6UO O. H67 O.tOU 0.7921 1.0000 o. u12 
AUTO 0. 0688 0.1'89, 0.5901 0.2758 0.5580 o.u,2 1. 0000 

EIGENVALUE DIHERINCE PROPORTION CUHULATIYE 

PRIN1 •. 11196 2. 8762~ 0.587851 0.58785 
PRIN2 1. 2)872 0. 51291 0. 176960 0. 76'81 
PRIN3 0. 72582 0.10938 0. 10)688 0.86850 
PRIii• 0.)16•1 0.058'6 0.015205 0.91370 
PRINS 0. 25797 0.0)593 0. 0)685) 0.95056 
PRill6 0.2220• 0.09798 0. 0)1720 0. 98228 
PRIN7 0. 12106 0.0_17722 1. 00000 

EIGENVECTORS 

PRIJl1 PRlll2 PRIN3 PRINI JlRIN5 PRIM6 PRIN7 

HURDER 0. 300279 -.6291H 0.1782•5 • .23211' 0 . 53812) 0.259117 0. 267593 
RAPE 0. ,11159 ·- 169•35 -.2U198 0.062216 0.188171 - . 773271 ·. 296185 
ROBBER\' 0. 396875 0.0,22,1 0.1958&1 - . 551989 -.519977 -. 11085 - . 00)903 
ASSAULT 0.396652 -.H3528 - . 069510 0. 62'80Q -.506651 0.172363 0. 1911'5 
B~RGLARY 0. U0157 0. 2033,1 -.209895 - . 051555 0. 101033 0. 535981 · . 6•8117 
LARCElll' 0. 351360 0.,02119 ·.539231 - . 231890 0. 030099 0.039Q06 0. 601690 
AUTO 0.295171 0.502~21 t.56838~ 0. 119238 0 . )6915) -.051298 0. 111016 

( 

I I 
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. -i 
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PROC PLOT; 
PLOT PRIN2•PRIN1•STAT!; 
TITL!2 'PLOT OF TH! FIRST TWO PRINCIPAL COMPONENTS'; 

PROC PLOT; 
PLOT PRINJ•PRIN1•STAT!; 
TITL!2 'PLOT OF TH! FIRST AND THIRD PRINCIPAL COMPONENTS'; 

Output 28.6 Plots of Principal Components: PROC PLOT 

V " IN 
w 

" 
N " 

p 

CRI"E RATES PrR 100 000 POPULATION BY STATE 
PLOT or THE FIRST two PRINCIPAL CO"PONENTS 

PLOT or PRIN2•PRIN1 
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u 
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8. §B~tb1~Q DISTRIBUTIONS 

Given simple random sampling resulting in n independent 
measurements Xl, X2 ... Xn what can we expect from f ands as 
estimators of the common population mean and variance? 

How accurate are they? Do they have "bias" to one side or 
other of the true values? If the random sampling could be 
repeated say 100 times how scattered would the 100 x and s 
values be? How precise (repeatable)would they be? 

These are all questions about the "sampling distributions" 
of X ands The distributions that would be observed if the 
sampling could be repeated indefinitely? The di~tributions for 
the population of sample values? 

If the common population distribution for the 
normal, then these questions can be answered precisely. 

Even if it is not , certain basic facts still hold: 

The sampling distribution for X has mean 

E CX) = )A 

and variance 

var(X) = z. 
a- In 

i.e . standard deviation= a l.["n 

E>:ampl e: 

Xi s is 

Suppose the underlying distribution for the Xi ·sis uniform 
on [0,1] ( i.e. the probability density f(x)=i for x between 0 
and 1 ). Consider the means of independent random samples of n=4 
such numbers. 

e. g. 1st ti me: 

= 0.022+0.541+0.165+0 . 678 ) / 4 
- 0.351 



Repeat 20 times: 

Sample 

0.022 0.541 0.165 0.678 
0.020 0.266 o. 138 0.274 
0.644 0.114 0.805 0. 119 
0.824 0.741 0.344 0.925 
0.920 0.164 o. 105 0.621 
0.231 0.800 0.426 0.862 
0.742 0.903 0.545 0.981 
0.873 0.823 0.641 0.502 
0.821 0.588 0.232 0.538 
0.632 0.588 0.846 0.902 
0.641 0.276 0.423 0.914 
0.989 0. 185 0.173 0.236 
0.793 0.887 0.960 0.961 
0.718 0.439 0.364 0.848 
0. 188 0.959 0.555 0.707 
0.721 0.475 0.525 0.241 
0.288 0.119 0.008 0.306 
0.321 0.537 0.573 0.823 
0. 163 0.367 0.303 0.910 
0. 173 0.784 0.240 0.192 

mean of x s = 0.528 

standard deviation of x s 
= 0. 187 

-Stem and leaf plot for ,, s: 

0.0 
0.1 7 8 
0.2 
0.3 5 5 
0.4 0 2 4 5 9 
0.5 4 6 8 9 
0.6 0 2 
0.7 1 1 .:::- 4 
0.8 
0.9 0 

B-2 

0.351 
0.774 
0.420 
0.708 
0.452 
0.580 
0.729 
0.710 
0.545 
0.742 
0.624 
0.396 
0.900 
0.592 
0.602 
0.490 
o. 180 
0.563 
0.436 
0.347 

How well does the standard deviation o f these ~ · s match the 
theareti cal value <S l,(T-,'~• The populat i on standa1··ci devi ot ion f Gr 2, 

uniform distribution can be worked out mathematical ly (by 
c alculating an integr-·al}. It is l/ 12 i0.28). 

l S: 

So the sampling dist ri bution f or x · s from samples of size q 

-. ....,8 1 r,;-4 u . ...:.. , '( , = (J. 14 

This compares well enough with the estimate obtained from 



8-·3 

our 20 example i•s. If we "d generated more - . X S in the same way, 
the agreement would ' ve been closer. 

Note also the reasonable agreement between the mean 
and the assertion that the expected value of i is 0.5 . 

0 . 528 

The follm-.iing exhibit ft-·om the "Minitab" handbook uses 
computer 1-andam sampling fr-am a normal distribut.ian (p-=42 , CS' =6 ) 
to illustrate the sampling distribution of means of independent 
random samples of size 9 . The mean and standard deviation o f the 
100 ~·s are even closer ta the theoretical values fo r the 
sampling distribution ( E(X)=42 , st. dev·n X = 6/J'9 = 2 i. 

Bl•DO! 100 c1-cq; 
•OB!IL !U=-1;2 SIG!l=-· 

l!!ll c1-cq IITO ClO 
BISTOGRAI! ClO 

Bistogra• of Cl.0 II = 

!1dpo1nt Count 
3e 2 •• 
3q ( •••• 

l.00 

(0 2 lo •••••••••••••• 
(], 

(2 
1,3 
(( 
(5 
q, 
(7 

DESCBIB! 

Cl.• 

Cl.• 

CJ.0 

l.2 
J.e 
20 

q 
u 

l, 

2 

. II 
l.00 

f!IM 
311.l,l,.t; 

•••••• ••••• 
•••••• ••••••••••• 
•••••• ••••••••••••• 

* 
•• 

•• 
•••• 

f!EAII 
'-2. l.Dl. 

f!U 
1.7.1.27 

f!EDIAN 
l,l,. 1152 

Ql, 
, • .32t! 

TBftEAR 
1.2.01,q 

03 
1.3.352 

STDEV 
l..q3b 

For X conside1-ed as an estimator of,µ. , the bias is defined: 
E<Xl-_µ. 

In general, if some formula caiculated an observed random 
values is used as an estimator of some population parameter , then 
the bias is defined as 

E(estimator) true v alue. 

If the bias is zero ( as it is for X then the estimator 2 s 

called unbiased . Thi s means that the ave r age of the est i mator 
o v er sampling occasions equa l s the populat i on quantit y it 1 s 

trying to estimate. Unb i asedness Cat least approxima t el y ) is 
clearly a desirable property . 

Othe r ex a mple s o f unb i ased estimators a re: 

(a) s 2 as an estimator of 

(b) the least squares estimators~' 1 for the slope and intercept 
when the simple linear regression model Y = aX+b+error applies. 

Cc) the sample covariance s • ., = ~ ( X --X) ( Y--Y) / ( n-1 ) as an 
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estimator of a population covariance. 

N. B. ( a) is the reason that n-1 is used in the denominator of si. 
rather than n. It is related to the fact that there are n-1 
"degrees of freedom" in the terms (Xi-X>, i=1 ... n (the sum of 
these terms always equals zero}. 

Standard Errors - Precision 

When a statistic is used as an estimator of a population 
parameter, (an estimate of} the standard deviation of the 
statistic's sampling distribution is often quoted; and referred 
to as its standard error. In the case when a positive quantity 
is measured, a relative standard error (S.E./estimate) may be 
quoted. 

then 
true 

Assuming the estimation procedure is accurate 
the standard error provides a tolerance within 

parameter value will lie most of the time. 

sampling distribution for X 

Standard errors are a 
(repeatability} of an estimator. 

The t Distribution - - - - ·- -- -----~·· - · 

measure of the 

(unbiased) , 
which the 

precision 

This sampling dist1-ibution is impDrtant quite generall y for-· 
assessing estimates of "location" parameters (e . g. -for · a 
single distribution, •~ the slope and intercept provided b y the 
least squares fit of straight line regression model) when the 
random variations in the data are statisticall~ inde2endent and 
normall y distributed. 

It applies to quantities of the form ( ~ - a )/s.e. (~) where ,.. 
a is the least squares estimate of some coeffici~nt a in linear 
(in location pa1-ameters) regression model (e.g. a coefficient 
estimated in SAS PROC REG or GLM); and s.e. (a) is calculated 
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from a residual 
freedom). 

sum of squares (divided by its degrees of 

The degrees of freedom of the residual SS alter the form of 
the t distribution {flatter and wider for small d.f.) 

For ve,-y large d. f. ( so the residual mean square estimates 
the residual variance very precisely) , the t distribution is 
very close to the standard normal distribution. 

E>:amgle: 

As an estimator of p 7 

sample has its standard error 
the mean X o ·f a independent random 
estimated by s/.[n . 

If the population sampled is normal, then the quantity (X­
~l/(s/f~has at sampling distribution with n-1 degrees of freedom. 

For example 7 the Minitab handbook gives the following 
histogram for 100 sample t values with B degrees of freedom (the 
case where the population mean was estimated by means x of 9 
independent sample values): 

ISTD!V Cl-Cq IITO Cll 
LET Cl.3 = (Cl0-(2)/(CJ.J./3) 
BISTOGU!I Cl.3 -

Bistogra• 
llidpoint 

-( 

-3 
-2 
-l, 

0 
l, 

2 
3 
~ 

of Cl.3 

Count 
l, 

D 
~ 

2e 
33 
2( 

b 
3 

. lo 

DESCRIBE Cl.3 

• Cl.3 l.00 

111• 
Clo3 ,._ _ ·: -~.027 

If = l.00 

• 
•••• 
•••••••••••••••••••••••••••• 
••••••••••••••••••••••••••••••••• 
•••••••••••••••••••••••• 
•••••• 
••• 
• 

!IElll !IEDIII TB!Ell STDEV 
0.01U -0.070 o.o3e lo. 20lo 

!Ill QJ. Q3 
1;.2ea -0.731 o.ebo 

SEl!Bll 
a.120 

This is a wider di s tribution than the standard norma l 
disti-ibution \.-Jhich applies to (X.7) / (cr-/,ln). 
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!b~ Chi-Sguared Distribution 

This the sampling distribution which allows us to make 
inferences about the variance of a normal population or the 
variance of the deviations about a regression model. It also 
arises as the sampling distribution of popular test statistics 
for tables of counts, and for tests on Mahalonobis distances and 
other multivariate quantities. 

Let SS denote a sum o f s uare~ of random quantities each of 
..-,hich is normally dist~-ibuted- with mean zero and variance 

~ (X-XJ 
a.. 

e.g. ss 
... a.. 

or ss = ~ ( Y-Y) 
or ss = ~ (obs-·exp) 2. /e}cp ("observed" and "expected" celi 

counts, under some hypothesis} 

Let df denote the number o f "degrees of freedom" in SS. 

Then the 
squared" ( ~ J. ) 

Notes: 

sampling distribution of SS/~~ is the 
distribution with df degrees of freedom. 

"chi ·-

(a) Starting with n d.f. in X1, , Xn , subtracting X takes 
away one d.f. because of the constraint 

~ (X-X) = 0. 

( b > With straight 1 i ne 1-·egressi on residuals, there a,-e two 
constraints: 

" ~ (Y-Y> = 0 
"I, 

~ (Y-Y)X = O; 

so the d.f. are reduced ton-? 

(c) In both cases, the variate can be rewritten in 
the form: 

(d) If the inverse covariance matrix used in its calculation were 
known exactly, then the M5halanobis D~ discussed in section 6 
would have a chi - squared sampling distribution with d.f. equal to 
the numbe1- o ·f var· iables involved . In p!-act i ce, t he 1nv e,se 
covariance used in calculating D will have been estimated {rom 
data and the ch i - squared distribution wil l only be an 
app1~0~:i rnati on. 

(e) The ex~ected v alue and variance of a ch i -·squared distribution 
are 

= d.f. 
2d.f. 
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(f) The following are the 95'l. chi-squared percentiles fo1- d.f.==1..10. 

1 
3.84 

2 
5.99 

3 
7.81 

ExamQle AQQlication 

4 
9 . 49 

5 
11. 1 

6 
12.6 

7 
14 . 1 

8 9 
15.5 16.9 

10 
18.3 

Manganese assays on a 
following results: 

"standat-d" sample produced the 

78, 90, 100, 95, 102, 85 ppm. 

Are these consistent with the assay company's claim that the 
population standard deviation for lab variability is no more than 
5ppm? 

Soln: 

(n-l)sz. < - a. ( < (>:-x > > = 433.83 

(n-1)s 2 /CS"'° = 433.83/25 
- 17.35. 

1. 
Now, for a ~ quantity with n-1=5 d.f., the mean value over 

samples is 5; 11.1 is exceeded in only 5'l. of samples and 16.7 is 
exceeded with probability 0.5%. Therefore the ~robability of 
obtaining the ratio 17.35 by chance if~ were 5 is very small 
(even smaller for ~ less than 5). The assay company's claim 
s~ems implausible. 

Ih~ F Distribution 

This can be defined as the distribution applying to a ratio 

/ x:i./df2 

wher-e and X,'2.dfi. a1-e stat i stical ly independent chi--· 
squared random quantities . 

Examples: 

(a) Given independent random samples Xi 
from separate normal populations 

Xm and Yi .. . Yn 

has an F distribution with m-1 and n-1 degreees of freedom. 

(b) Ratios of "analysis of variance" mean squares. 
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9. HYPOTHESIS I~§I!~§ 

Setting: 

Desire to test a conservat i ve hypothesis which is judged 
worthy of being accepted in the absence of good evidence to the 
contrary. 

Call this the '._'._Q~Ll hyJ~_othesi s" HO. 

The appropriate test 
hyQ • thesis", usually a composite 
the direction worth detecting. 

depends on the "alternative 
of all the deviations from HO in 

Detection of deviations relies on construction (theory) ad 
calculation (practice) of an appropriate test statistic. 

Requirements of Test Statistic: 

(a) should ' be 
discrepancy or 
e:-:pected under 
data point comes 

a numerical measure of a meaningful distance, 
discordance between data and what would be 

HO (e.g. Mahalanobis D~ when HO is that a new 
from a known multivariate normal population); 

(b) its sampling distribution should be known; 

(c) it should be appropriate to Hi i.e. ta the type of departures 
you wish to detect. 

e.g. Suppose Xi to Xn are independent random samples form a 
ncirmal population ~-.,ith unknown parameters JA, and a' 

Let HO be: -
& H1 be: 

,)-'- = 10 
p =I- 10 

Then an appropriate indicator of disagreement with HO is 

D = < x --10 )/Csl.[n> 

Suppose d is the observed value 
distribution probabi li ty 

ca,, 
HO 

p = r-· ( /DI HO 

be calculated fr om the know n 
(th e t distribut ion). 

sampling 

of D. Then the n u ! 1 

di str· i but i c,n o ·f D given 

It is r· r:~ ·f-erred to e;s the "p--value" ·frn- the observed value of 
the test statistic. 

A small p value means that sampling fluctuations 
unlikely to have produced a D value as large as that 
purely by chance, 1+ HO were true. 

i,muld be 

observed 
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e.g. p=0.01 means that a value has been observed which ought 
to have occurred only once in a hundred times by chance. 

Smal 1 
of H1. 

p values provide evidence for rejecting HO in favour 

E>:ample (c:ont): 

Suppose n=10 and independent random sampling gives: 

10.1, 10.2 , 10.2, 10.1, 10.3, 10.0, 10.2 , 10.0, 10 . 1 , 9.9. 

Then i = 10.11 ands= 0.12, so the standard error of xis 
s/J10 = 0.038. 

To compare~ with 10 on the scale appropriate to its precision 
(repeatability) calculate: 

d = ( 10.11-10 )/(0.038) 
= 2.89 . 

Now D = (X-_µ-)/(si{n> has the t with 9 degrees of freedom as its 
"nul 1 distribution" (sampling distribution under HO). 

Therefore, 
p-value: 

p = Pr ( I t / 

we can look up tables and get an approximation to the 

> 2.89 : =10, normal distn, independent sampling} 

Find t (0.99}=2.821, so p <2% 

HO is unlikely to have produced the given sample. 

In many ways it would be best to present the results of an 
hypothesis testing e~ercise as follows : 

- the estimate or test statistic obtained 
the p-value for the test statistic 

It would then be up to the recipient of the report to make the 
decisions as to statistical and ~ractical significance. 

Such decisions would also often be aided by a confidence interval 
giving a range of parameter values reasonably consistent with the 
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data. 

By tradition (e.g. scientific jou,-nals r-equiring a 
"significant" result before publish i ng), and because it is 
sometimes genuinely necessary, the decision ma ki ng process is 
incorporated in the hypothesis testing. 

This is 
which under 
popul at-). 

done by specifying in advance the minimum p-value ~ 
which HO will be deemed acceptable C ~ - 0.05 is 

Presetting a minimum p - value implies: 

(a) Defining a critical region for the test statistic - such 
that an y value falling in this region leads to rejection o f HO. 

(b) Having a preset risk (100~ %) of rejecting HO when 
it is t,,-ue. This risk is called the significance level of the 
test procedur·e. 

E:<ample: 

Laboratory assay precision is asserted to be such that the 
relative standard dev iation of a single assay is: 

ef = o. 15% 

Reassay 
in half and 
batches. 

The data: 

results were collected by splitting 16 soil samples 
submitting subsamples of each half in different 

assay reassay diff ( }~ } . 

58.8 58.9 -0. 1 
61.5 61. 7 -0.2 
54.9 55.8 --0. 9 
47.7 48.5 -0.8 
60.0 60.5 -0.5 
58.7 57.3 ( l. 4 
63.0 63.2 -0.2 
61. 2 60.9 0.3 
55.8 56. 1 ·--0. 3 
60. 1 60. 1 0.0 
5'?.9 60.7 ·-0. 8 
6 2 .9 6~S. 7 ···- 0. 8 
50.6 50.8 -() . 2 

5 3.0 54.0 - ·1. I) 

61. 8 62.(l --0. 2 
5 17 . l 59. 1 o. 0 

~{ = -- 0. 269 ( - 0.38) 
s ·- 0.585 (0.393) 
s~ = 0.342 (0. 155) 
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[ N.B. Why are so many of the reassays increases on the assays? 

s.e. (x) = 0.393/VS = 0.102 

"paired t" = -3.74 (omitting one unusual value) J 

How should we test 
signi f icance level? 

First some theory: 

Var(assay-reassay) 

the 

= var(assay) + var(reassay) 
= 2 (j" 2 

= 2(0.15) 
= 0.045 (under HO). 

claimed precision at the 

To compare s~ (the sample variance of the differences 
with 0.045 (the population value under HO), take the ratio: 

= (n-1)s2./0.045 . 

r=•r ..J ,. 

The sampling distribution of this under HO is 
with n-1 degrees of freedom. 

chi-squar·ed 

To construct an appropriate critical region, note that the 
appropriate Hi (for detecting greater imprecision than claimed) 
is 

H1: ~~ff > 0. 045 

In line with this, we need a critical region of the form: 

accept reject 

I 

0 

,, I < < > > 
,, ,, ,' ,, ,, ,, ,, ,, ,, >' ,, ,, ,.,,. 

CD< 

With such a region, 
getting a chi-squared as big 
occurs when the sample value 
picture). 

the minimum acceptable p-value (of 
as the sample value just by chance) 
equals the ~cit~~~l 1~~~1 c ~ (see 

To make this minimal acceptable p--value 
level) equal 0.05 mean s choosing c~ suc h that 

'\I z._ 
p ( I\. 

n-1 
C = 0.05 

(or significance 

i .. e. must choose co<.. t o be the 95% pe, cE•ntile of the X,2.. distribution. 

F1-·orn ta.bl es, this is c = 25.0. 
0(. 

Thus (at last), at the 5% level of significance, 
for testing HO is: 

- accept HO if 15si/0 . 045 > 25; 

the procedu1-e 
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- otherwise reject it & conclude the data is not consistent 
with the claimed ·1evel of precision. 

The result: 

15s:a/0.045 = (15) (0.342)/0.045 
= 114 

Thus reject HO (would get same result leaving out 1.4 difference). 

N. B. 
0.005. 

The p-value for the observed test statistic is less 
It would be very unlikely to occur just by chance if 

were true. 

than 
HO 



A Catalogue of Test Statistics 

(a) inference on ,l't- , <S known : 

(st. nor-mal ) 

(b} inference on /1-' ~ un k no~"'ln: 

c >< -;,,,uJ/ t -o/rn ) ( t ..,_
1 

di st 'n) 

(c) inference on ,;"{,c -,}-ty Y var·i ances known: 

(st. normal) 

(d) i nfer-ence on ~"-;« 't , un k nown common variance: 

4 2.. -
p 

( 
1
~ c x,- -xJ1.-t i~ CYi· -Y >2 )If:.-,,-+~-~) 
- ( t ""'+ l'l•l-- ) 

(e) inference on _,AA-x ~Y , unknown & possibly different variances 

( ( >< - Y) ... Y'; 7'4>-)) / { 41.. + .4y1.. ( a.ppr-M, t 'N ,·ti,.. ef . f. 8 ,ve,.,. 
""" "' b y Sa- ti e.,.s tf..wo, it~ '¥J f rax.i i,,...a, h~) 

(-f) i nference on (S' a. 

(n-1)s2-/fS1. 

(g) inference on 

( F IV\- '.1 "'• I ) 

(h) coefficients a,b etc. in a general linear regression model 

(~-a) / s.e. (~) \.--.. --J <t,tc_ eU. l 
1 

from comput e i-

(i) sign :i·Ficance o f 91-ou p s of pa1~,3 me t e,-s i n a 1- eg 1- e£.;si D n Ol-

a na lys is of v ariance model 

Ms 4o L(.;rc.e 

fv'\S e-n-o-r 

( j ) the p r oportion p bf i nd i v iduals of a certain t y pe 
independent random s a mpl i ng) 

(assum i ng 

(p- f') I [P (1-p)/f\ no-,- Y'-ICl I ,-f 

np <n- n(1-p) 

IS SM0tll ) 
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!Q~ MULTIVARIATE B~BbY§!§ OF VARIANCE 

When there is more than one variable measured per plot in 
the design of an experirnent 7 multivariate analyses of variance 
can be applied as a direct generalisations of the usual 
univariate analyses. They allow tests of treatment effects to 
take into account all variates at once. 

The simplest case to deal with (and the only one in this 
course) is the simple one-way classification, 1n which the 
individuals are classified into a number of known groups (e.g. 
according to experimental treatment applied). 

Bgyig~ Qf t~~ Univariate Anal.ysis 

In the 
observation 
components: 

one-way classification the deviation of any single 
from the overall mean can be split up into two 

total dev'n = group dev n + within group dev'n 

picture: ~f"o1,1p I gt"O!Afll l. caroup I 

x,-,q ",. l!l' ,Yl! I 
)Ucj l\""® ..,.. 

• 
'd, 'ii j ,1 ~ 

tl"01.tt' ~evio.fio" :twit hi~ 1"°"" 
dt'/10.f I 011\ 

tc'ta.l c:le'll'4.f ,·o M 

A mathematical theorem (like Pythagoras): 

Total SS (sum of squares of total dev'ns} 

= Between 

+ Within SS 

Analytical. ~dea: 

ss (sum of squares over all points of 
components of deviations) 

(of within group deviations} 

group 

Use the relative sizes of the between and within group sums 
of squares to establish a measure of group separation. 

e.g between SS / total SS CJr between BS / within SS. 

In the univa1-i ate casE, it 1s mo1-e U=.ual to thini,: in terms 
of an F ratio 7 where each SS is replaced by a mean square: 

effective number of independent terms in SS 

[N.B. In the one-way ANDVA, the number of degrees of freedom 
between gr-oups is the number of groups mi nus 1, · -and the 1-;i thin 
groups DF is the sum over groups of (no. in group -1). The total 
DF is one less than the number of data points. J 
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-F ratios much bigger 
difference between groups 
evident within groups). 

than one 
(detectable 

indicate a 
above the 

significant 
variability 

F ratios have tabulated percentiles showing what one should 
e x pect by chance if the population means for the groups are in 
fact all the same. Values which should be exceeded by chance 
less th a n 5% of the time usually lead to rejection of the 
hypothesis that there are no group di f ferences. 

For F tables 
distribution within 
all groups have the 

to be reliable , it is necessary 
each group be ap~-oximately norma l ~ 
same within group variance. 

t hat the 
and that 

/)I, lt...v ~ c-c.,J ~ ~ .-z.,..,.4c,,4 

Ib.~ multi v ariate case: c....,.,-~ - C.4.•,r•..ny n-u..a:;-G-V-. 

-.(• • •eJ-wo-,c..'olo~~~ 
For each variate Xj, we know from the above that the sum of 

squares of total deviations equals the sum of between and within 
sums of squares of deviations. 

The same 
variates: 

identity works for products of deviations of t~•JO 

~ al deviations: 

i,.A~J _., · (var j - over al 1 mean j). (var j 
~, r ,;.P 

overall mean j") 

s--~ between group deviations: 

Cgrp mean j - overall mean j). (grp mean j ' -overall mean j') 

within group deviations: ~~J:;;'--
(var j - group mear ). (var j ,__ group mean j , ) 

$~ffotlMJ; s~borJ.. : .$Pb~ t sP,J:.1.-... 
f. dlArld.bo-f-tni-JL,,.._.. dw/..AA,,. Po-H ~ 

Si,S".,_ S"P,.!> ... ~ 1"- All of this information can be · summari s ed in mati~ices 
1,S5,t.S~" tot 1, between group and ~ ithin groups sums of 

of 
and 

~,s~L prod cts (of deviations). Denote these T, Band W. 
'•II 

squares 

, Then W divided b y the within groups degrees of freedom 
"' estimates the within grr•oup vai- iance-·cov ariance matri ,: (which must 

S Sf~ be assumed common to al 1 groups -f or·· thE· a.nal y si s to be v a1 id as 
described be l o w) . 

If 
d i v ided 
estimate 

the gr o up populat i on means were all the 
by the number o f d a ta points minus one 
this v ar· i ance--cov ari ance matri :: . 

sa.me then T 
1.-JO Ll l d also 

We need some wa y to compare Wand T=B+W , The c u stomary way 
1 s to use "determinants". These can probably be best unde1- stood 
in terms of the eigenvalues of the sums of squares and products 
matrices. Divided by their degrees of freedom, these ssp 
matrices a r e covariance matrices, and hence could 5e subjected to 
a principal component analysis - wherein eigenvalues are obtained 
as ma:( imal variances 01-thogonal to var· i ance al ready e:: tracb~d :J~.J,..., 

~: _,J 1 " 

~ ~~&c,e•'-4.P~~~- -...<71--~11~~ 
~ -'(!C I .. /,J 2 ~~ ~ 

- / A-,;_~,-~ .J. ~/_ L, . J Jo . i-:. ~ 
~ ~~f£._,. ,I.,.,~ __ _ ~ _ __., _ IL 
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For a covariance matri>:, the determinant is simply the product of 
the principal component variances (eigenvalues). 

Likewise, the determinant of an ssp matrix is the product of 
all its eigenvalues. It provides an overall measure of the 
multivariate scatter summarised in the matrix. 

"L,Ji l k ' s Lambda" compa1-es the relative seal es of within and 
total deviations using the ratio of det(W) to det(T): 

A = det(W)/det(T). 

Under the null hypothesis that there are no differences in 
group means, this statistic has a known distribution, the 

.A (k,n-ngps,ngps-1) distribL1tion. 

/ t ' no. vars error df hypothesis df 

Wilk's lambda always falls between zero and one. Values of 
near zero indicate that total deviations are large relative to 
within group deviations, meaning that population group means are 
likely to be different. Values near one mean the between group 
components of total deviations are generally small and unlikely 
to be significant. 

To test significance of .I\ ,Bartlett ·s appro:-:imation is 
mostly used. This states that -lnA times a constant is 
approximately chi-squared with degrees of freedom equal to the 
number of variates times the number of hypothesis degrees of 
freedom. The constant is: 

error df -½< no.vars - hyp. df + 1) 

The approximation is most valid when the number of error degrees 
of f1-eedom is large. For 2 variates, or for 1 or 2 hypothesis df 
(2 or 3 groups in a one way classification), Wilk's lambda can be 
transformed to have an F distribution exactly, given multivaraite 
normal assumptions. See MARDIA, KENT & BIBBY for details of: 

I - A ( k,~, I) 
A ( k,M, t) 

1- .A(11 m/1J 
A.(1,~,"') 

'"\; 

....,,,.. 

k 
M- l<-1 

(\ -l"YI 

I< 

M- I<.+ I 

I"\- I 

F k, ,.,_ k-t I 

F", m 

F 2.k) 2.(n-.-l<+1J 
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Means: 

:: 1 :<2 ,.,~ ,, .. __ , 

Minas Graes, Brazil 2.097 2. 100 i. 625 (6 skulls) 
Matto G,~osso, Brazi 1 2.080 2.087 1. 617 (4 skulls) 
Santa Cruz, Bolivia 2.099 2. 102 1. 643 (3 skulls) 

SSP Matrices: 

( 8060 6233 7498) 
B (2 d. f. > = 6233 4820 5859 

7498 5859 11844 

(63423 62418 76157) 
lJJ ( 10 d. +. > ·- 62418 63528 76127 

76157 76127 109673 

(71483 68651 83655) 
T < 12 d.f) = 68651 63528 76127 

83655 76127 121517 

A < 3. 10, 2 > = 
. ~. \ ' 

clil"lt~sio~ w d.f'. S d.f . 

det <W) /det (T) 0.6014 

Fr-om page 10-3, 

The value of this test statistic is 0.772 (p >0.5, n.s.). 

N.B . The univa,-iate F 2 10 ' s ( e.g. 
aren·t significant eith~r. 

(8060/2) / (63423/ 10) for ,; 1 

The ·foi 1m·,ing e ;,;ample of a tvm --1-.ay MAl\lO'v'A illustrates the fact 
that MANOVA can be used for data from a variety of structured 
experiments or sampling designs. Using SAS, this can be done by 
using the MANOVA statement in PROC ANOVA or PROC GLM <see page 
498 of the SAS/STATS manual for an example). MANBVA offers most 
advantage of univariate ANOVA's when the group separations are 
clear in multi vari ate space but not variable by variable. 
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ED111p)e 12.7.1 (Morrison, 1976, p. 190) We wish to compare the 
weight losses of male and female rats (r = 2 sexes) under c = 3 drugs 
where n = 4 rats of each sex are assigned at random to each drug. Weight 
losses are observed for the first and second weeks (p = 2) and the data is 
given in Table 12.7.1. We wish to compare the effects of the drugs, the , 
effect of sex, and whether there is any interaction. 

Table 12. 7.1 Weight losses (in grams) for the first and second weeks for rats of 
each sex under drugs A, B, and C (Morrison, 1976, p. 190) 

Drug 

A B C 
Sex Row sums 

{ (5,6) (7, 6) (21, 15) (33, 27) 
(5, 4) (7, 7) (14, 11) (26, 22) 

Male (9, 9) (9, 12) (17, 12) (35, 33) 
(7, 6) (6, 8) (12, 10! (25, 24) 

Column sums (26, 25) (29, 33) (64, 48) (119, 106) 

r7· ,01 
(10, 13) (16, 12) (33, 35) 

(6, 6) (8, 7) (14, 9) (28, 22) 
Female (9, 7) (7, 6) (14, 8) (30, 21) 

• (8, 10) (6, 9) (10, 5) (24, 24) 

Column sums (30, 33) (31, 35) (54, 34) (115, 102) 

Treatment 
sums (56, 58) (60, 68) (118, 82) 

Grand tota.1 (234,208) 

Table 12. 7.2 MANOVA table for the data in Table 12.7.1 

SSP matrix A 

Source d.f. au a12 G22 

Sex (R) 1 0.667 0.667 0.667 
· Drugs (C) 2 301.0 97.5 36.333 
Interaction (I) 2 14.333 21.333 32.333 
Residual (W) 18 94.5 76.5 114.0 

Total (T) 23 410.5 196.0 183.333 

I i 
! 
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We first test for interaction. We construct the MANOV A table (Table 
12.7.2), using the totals in Table 12.7.1. From Table 12.7.2, we find that 

!WI= 4920.75, jW+II = 6281.42. 

Hence, 

A= IWI/IW+lj = 0.7834~ A(2, 18, 2). 

From (12.3.7), 

(17/2)(1-./0.7834)/./0}834 = 1.10 ~ F4 •34 • 

This is clearly not significant so we conclude there are no interactions and 
proceed to test for main effects. 

First, for drugs, 1W +Cl= 29 180.83. Therefore 

A =4920.75/(29180.83)=0.1686~A(2, 18, 2). 

From (12.3.7), 

(17 /2)(1-./0.1686)/./0.1686 = 12.20~ F4 •34 • 

This is significant at 0.1 % , so we ·conclude that there are very hi~hly 
significant differences between drugs. 

Finally, for sex, jW+Rj=4957.75. Thus 

A =4920.75/4957.75=0.9925~A(2, 18, 1). 

Again from (12.3.7), the observed value of F2 _3.c is 0.06. This is not 
significant so we conclude there are no differences in weight loss between 
the sexes. 

i 

I 
I 
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11. §BQ!Jf'. DISCRIMINATION_;_ CANONICAL VARIATES 

- To 
from each 
necessary 
especiall y 

(on 

set up canonical variates, you need mu l tivar iate data 
of a number of ~QQ~Q (or hypothes i sed) groups (not 
for these to include ~ll of your data points, 

if some are of uncertain classi fication) . 

/ the 

)~b~. ('i'l are 

- Canonical variates give a low dimensional representation 
canonical variate axes) which tries to maintain as much of 

multivariate group separation as possible . 

- Best when the variance-cov ariance matrices for the 
all the same (transformations help here) . 

grroups 

, (IP ~o 
~ - Makes use of a "pooled" within group var-iance-covar-iance 

matrix and a between group mean variance-covariance matrix ( the 
Wand B of section 10 divided by their degrees of freedom) as the 
basis of its calculations (these matrices provide the analogues 
-of the univariate within and between group mean squares>. 

The Canonical Variates Reci~e 
(one description, matrix algebra 1n practice) 

(a) Choose 
combination 
the ma>:imum 
separation. 

the first canonical va,riate a ~< is Y1 ( ~ linear 
of X1,X2, Xk) so that the yl values obtained have 

possible F ratio (between MS/within MS) for group 

Cb) Choose subsequent canonical variates Y2,Y3 Yr so that 
they are: 

~ - uncorrelated with previous ones (when correlations 
»' determined on a pooled within groups basis or overall) 

- have maximum F ratio for group 
constraint. 

separation under 

are 

this 

• 
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Picture with Three GrouQs: 
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Points to Note: 

(a) Canonical variate axes are not necessari ly perpendicular 
to each other . 

(b) The number of canonical variates which can be obtained 
(r) is limited by the number of groups g: r < g - 1 . Al so must 
haver < k , the original number of variables. 

(c) Canonical variates are usually scaled so th ~ t t heir 
within group standard deviation (the pooled version) i s unity 
(SAS PROC CANDISC does this). 

(d) If the canonical variate scores are p l otted, using 
recangular axes , and the constancy of within group variances and 
covariances is a valid assumption, then each group should have 
spherical probability contours or surfaces, all of the same 
standard radius. e . g . circles in two dimensions. 

Pictur e : --------

In t his picture , closenes s 1n simple 
determines wh i ch group a new p oint is most 
from. 

C~I 

Eucl i dean distanc e 
li k e ly to have c ome 

I 
I 
I 
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(from work on exploration geochemistry data b y Smith, 
Perdrix , CSIRO WA). 

Go l den Grove W. A. 

Campbel 1 ~~ 

3 groups identi+ied: gossans, pseudo-gossans and bac kground . 

sample locations: 

-
w 
lOCA ''°" .... Q 

-
a. ........ ......... 

-

... .. ··-· 

. ·.-.·:.·. ·1 ,.,_ ... ·­oo--,-Y 

I•.• •• • ... .... .... ... . 
... . .. . .. .. . . . 
~b 

... 
. .. . .... 

II ••. I• 

, .. .., -
.-: 

- .. . . :£ /lac•.,..,.... ,,..,. • ••••c 

.... ~ ...... 
•::::.: C . 
..... . .. . . .... ~ ..... 

... -·· 
8000M •••• . . .. . . 

-

. .. . . 
. . . . . . ·.·:: . . . . .. . ... 

.. . . . . . . .. .. . . . . 

-

-

\ 
\ 
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CV II vs CV I , showing the points used in estimating the canonical 
variate analyses: 

10.0 

6.0 

c-oe•t 
\la,,ate I 

ldOllltftated II)' 

Cu. Ni. 81. 
At & Sn) 

0 

Grouci 

0 • 10 
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CVII vs CVI on some new samples (from Teutonic Bore & Killara): 

• 
63.5 Mu 2s r---------L __ ___::_:_ ____ __ 

20 

15 

Canonical 

Variate :n 

10 

5 

0 

+ 

+ + 
+ ++ 

+ 

+ 

+ 

+ + 

+ 
+ 

+ 

+ 

++ 
++ 

+++ + + + 
++ +------- Mean Teutonic 

• ·\++ + 
\+.f.+ Bore goasans 

++ + . 
++ 

+++ 
++ + 

+ 
+ 

++ + + 
+ + 

+ + 
+++ 

++ + 
++ 

,• 

+ 

-5 ---L--------'--------L--._J 
0 6 

Canonical Variate I 
10 

+ 

• 

Teutonic 
Bore gossans 

Klllara 
pseudo-gos sans 



EXAMPLE 

Analysis of Iris Data Using PROC CANDISC 

The iris data published by Fisher (1936) have been widely used for examples in 
discriminant analysis and cluster analysis. The sepal length, sepal width, petal 
length, and petal width were measured in millimeters on 50 iris specimens from 
each of three species, Iris setosa, I. versicolor, and /. virginica. The following exam­
ple is a canonical discrimina.nt analysis, creating an output data set containing 
scores on the canonical variables, and plotting the canonical variables. 

DATA IRIS; 
TITLE 'FISHER ( 1 9 3 6 ) IRIS DAT A ' ; 
INPUT SEPALLEN SEPALWID PETALLEN PETALWID SPEC.NO ilil; 

IF SPEC_NO•l THEN SPECIES•'SETOSA 
IF SPECJ0•2 THEN SPECIES•'VERSICOLOR'; 
IF SPECJO•3 THEN SPECIES•'VIRGINICA 
LABEL SEPALLEN•'SEPAL LENGTH IN 1111.' 

SEPALWID• 'SEPAL WIDTH IN 1111. ' 

PETALLEN•'PETAL LENGTH IN 1111 . ' 

PETALWID• 'PETAL WIDTH IN 1111 . ' ; 

CARDS; 
50 33 14 02 1 64 28 56 22 3 65 28 46 15 2 
67 3 1 56 24 3 63 28 51 15 3 46 34 14 03 
69 31 51 23 3 62 22 45 15 2 59 32 48 18 2 
46 36 10 02 1 61 30 46 14 2 60 27 51 16 2 
65 30 52 20 3 56 25 39 11 2 65 30 55 18 3 
58 27 51 19 3 68 32 59 23 3 51 33 17 05 
57 28 45 13 2 62 34 54 23 3 77 38 ~~ 

63 33 47 16 2 67 33 57 25 ~ 

49 25 45 17 3 55 1• 

70 32 117 1• • 

118 ~. 

Jd 22 3 .,, 35 14 03 1 
20 3 61 29 47 14 2 

-, 31 49 15 2 64 27 53 19 3 
,I,, 3 55 25 40 13 2 48 34 16 02 1 

JO 14 01 45 23 13 03 57 25 so 20 3 
57 38 17 03 1 51 38 15 03 1 55 23 40 13 2 
66 30 44 14 2 68 28 48 14 2 54 34 17 02 1 
51 37 15 04 1 52 35 15 02 1 58 28 51 24 3 
67 30 50 17 2 63 33 60 25 3 SJ 37 15 02 

PROC CANDISC ALL OUT•DISC; 
CLASSES SPECIES; 
VAR SEPALLEN SEPALWID PETALLEN PETALWID; 

PROC PLOT; 
PLOT CAN2•CAN1•SPEC_NO; 
TITLE2 'PLOT OF CANONICAL DISCRIMINANT FUNCTIONS'; 



VARIABLE 

SEPALLEN 
SEPALWID 
PETALLEN 
PETALWID 

Output 13.1 Iris Data: PROC CANDISC 

VARIABLE 

SEPALLEN 
SEPALWID 
PETALLEN 
PETALWID 

VARIABLE 

SEPALLEN 
SEPALWID 
PETALLEN 
PETALWID 

VARIABLE 

SEPALLEN 
SEPALWID 
PETALLEN 
PETALWID 

0 
HEAN 

58.Q3Jll33) 
30 . 5 7 3))3)) 

FISHER ( 1936) IRIS DATA 

CANONICAL DISCRIMINANT ANALYSIS 

150 OBSERVATIONS 
q VARIABLES 

1'9 or TOTAL 
1Q7 or WITHIN CLASSES 

2 OF BETWEEN CLASSES J CLASSES 

SPECIES 

SETOSA 
VERSICOLOR 
VIRGINICA 

FREQUENCY 

50 
50 
so 

WEIGHT PROPORTION 

SO 0. 3JJJJ3 
SO O.JJJJJJ 
50 0.3JJJJJ 

«) TOTAL-SAMPLE SSCP MATRIX 

SEPALLEN 

10216 . 8) 
-6)2 . 267 

18987.J 
7692 . 0J 

SEPALWID 

-632.267 
28)0.69) 
-'911.88 
-1812.QJ 

@ BETWEEN-CLASS SSCP MATRIX 

SEPALLEN 

6321.213 
-1995 . 27 
1652Q.8Q 
7127.933 

SEPALWID 

-1995 . 27 
113'.'9) 
-5723.96 
-2293.27 

PETALLEN 

18987 . J 
-Q911.88 
Q6QJ2.5Q 
1930Q.S8 

PETALLEN 

1652Q . 8Q 
-572).96 
QJ710 . 28 

18677.Q 

~ POOLED WITHIN-CLASS SSCP MATRIX 

SEPALLEN S!PALWID PETALLEN 

3895.62 1363 2'62 . Q6 
1363 1696.2 812.08 

2Q62.Q6 812.08 2722.26 
56Q.5 480 . 8Q 627 . 18 

6 0 
UNIVARIATb5TATISTICS 0 

TOTAL STD WITHIN STD BETWEEN STD R-SQUARED 

8.28066128 5. 1'789QJ6 7. 95060585 0.618706 
Q. )5866285 J. 3968 77 32 3. 36822Q06 O.Q00783 

37 . 58000000 17 . 652982)) q. 3033069 20.90700361 0.9Q1)72 
11. 993))))3 7. 62237669 2. 0Q650025 8 . 967JQ818 0.928883 

0 

PETALWID 

7692.QJJ 
-1812.0 
1930Q.58 
8656.993 

P!TALWID 

7127.9)3 
-2293.27 

18677.• 
90,1.333 

P!TALWID 

56' . 5 
HO.SQ 
62 7. 18 
615.66 

RSQ/ ( 1-RSO I 

1. 623 
0.669 

16.057 
ll.061 

r 

119 . 265 
'9 . 160 

1180 . 161 
960.007 

AVERAGE R-SQUARED: UNWEIGHTED• O. 72Hl58 WEIGHTED BY VARIANCE• 0. 8689UQ 

SPECIES 

SETOSA 
VERSICOLOR 
VIRGINICA 

SPECIES 

SETOSA 

FISHER (1936) IRIS DATA 

CANONICAL DISCRIMINANT ANALYSIS 

CD CLASS HEANS 

SEPALLEN 

S0.06000000 
S9. )6000000 
65 . 88000000 

SEPALWID 

JQ.28000000 
27 . 70000000 
29. 74000000 

PETALLEN 

IQ. 62000000 
42.60000000 
SS . S2000000 

0 TOTAL-STANDARDIZED CLASS HEANS 

SEPALLEN SEPALWID PETALLEN 

-1.0112 0.850Q - 1. )006 
VERSICOLOR 0. 1119 - 0.6592 0.28Q4 
VIRGINICA 0. 899) -0. 1912 1. 016 J 

PETALWID 

2.46000000 
IJ.26000000 
20.26000000 

PETALWIO 

-1.2507 
0. 1662 
1. 08 q S 

e 
PROB> r 

0.0001 
0.0001 
0.0 
0.0 

(continued on next p.ige) 



(continued from previous page) 

(Ii) WITHIN-STANDARDltED CLASS MEANS 

SPECIES SEPALLEN SEPALWID PETA LL EN 

SETOSA - 1. 6266 1. 0912 -5. ))Sq 
VERSICOLOR 0. 18 00 -0.8Q59 1. 1665 
VIRGINICA 1. qQ6S -0.2453 q. 168 9 

VARIABLE 

SEPALLEH 
SEPALWID 
PETALLEN 
PETALWID 

VARIABLE 

SEPALLEN 
SEPALWID 
PETALLEN 
PETALWID 

VARIABLE 

SEPALLEN 
SEPALWID 
PETALLEN 
PETALWID 

~ TOTAL-SAMPLE COVARIANCE MATRIX 

SEPALLEH 

68 . 5693512 
_q. 204004 

127 . 015•36 
51 . 6270694 

SEPALWID 

-4 . 2434004 
18 . 9979q18 

-32 . 9656376 
-12 . 1639374 

PETA LL EN 

121.015q36 
-32.9656376 
311. 6277852 
129 . 5609396 

® BETWEEN-CLASS COVARIANCE MATRIX 

SEPALLEN SEPALWID PETALLEN 

63. 2121333 -19.9526667 165.2q84000 
-19 . 9526667 11,34q9333 - 57 . 2396000 
165.248QOOO -57.2396000 07. 1028000 
71. 279333) - 22. 9)26667 186. 7HOOOO 

FISHER (1936) IRIS DATA 

CANONICAL DISCRIMINANT ANALYSIS 

e POOLED WITHIN-CLASS COVARIANCE MATRIX 

SEPALLEN SEPALWID P!TALL!N 

26 . 500816)) 9.27210884 16 . 151q29s1 
9. 27210884 11. 53877551 5. 52q35374 

16 . 75142857 5. 524)5374 18 . 51877551 
3.84013605 3. 27102041 4. 2665)061 

41) TOTAL-SAMPLE CORRELATION MATRIX 

VARIABLE SEPALLEN SEPALWID PETALLEN 

SEPALLEN 1. 0000 -0. 1176 0.8718 
SEPALWID -0.1176 1.0000 -0.4284 
PETALLEN 0.8718 -0 . Q284 1.0000 
PETALWID 0. 8179 -0.]661 0.9629 

GI> BETWEEN-CLASS CORRELATION MATRIX 

VARIABLE SEPALLEN SEPALWID PETALLEN 

SEPALLEN 1.0000 -0 . HSI 0. 9941 
SEPALWID -0 . 7 4 51 1. 0000 -0. 8 128 
PETALLEH 0. 9911 -0 . 8 128 1.0000 
PETALWID 0. 9998 -0 . 7 59 3 0.9962 

G) POOLED WITHIN-CLASS CORRELATION HATRIX 

VARIABLE SEPALLEH S EPALW ID PETALLEN 

SEPALLEN 1. 0000 0. 5302 0. 7 56 2 
SEPALWID 0.5)02 1. 0000 0. )779 
PETALLEH 0. 7562 0. )779 1.0000 
PETALWID 0. 3615 0. 1705 0.4845 

PETALWID 

_q _659q 
0. 6189 
Q.OJ9Q 

PETALWID 

51.627069q 
-12 . 16393H 
129.5609)96 

58 . 100626Q 

PETALWID 

71.2793333 
-22.9326667 
186. 7740000 
80 . 41))3)) 

PETALWID 

) . 8401)605 
3.27102041 
4.26653061 
q. 18 8 16 32 7 

PETALWID 

0. 8179 
-0.3661 

0. 9629 
1. 0000 

PETALWID 

0.9998 
-0 . 7 59 3 
0. 9962 
1. 0000 

PETALW IO 

0. )64 5 
0 , 1705 
0. 1815 
1.0000 



tD 

~ 

CANONICAL 
CORRELATION 

0_99q921 
o. q11191 

f1l> KAHALANOBIS DISTANCES BETWEEN CLASSES 

SPECIES 

SETOSA 
VERSICOLOR 
VIRGINICA 

SPECIES 

SETOSA 
VERSICOLOR 
VIRGINICA 

SPECIES 

SETOSA 
VERSICOLOR 
VIRGINICA 

tD 
ADJUSTED 

SETOSA 

9. Q797 
1) . J9J5 

V!RSICOLOR 

9_q797 

FISHER I 19J6J IRIS DATA 

CANONICAL DISCRIKINANT ANALYSIS 

f STATISTICS , NDF•q DDF • 1qq 

SETOSA 

550 . 19 
1098 . 27 

VERSICOLOR 

550. 19 

1 OS . J 1 

PROB> KAHALANOBIS DISTANCE 

SETOSA VERSICOLOR 

0.0 
0. 0 
0. 0 0. 0001 

@ f1' fl) 
APPROX SQUARED 

CANONICAL STANDARD CANONICAL 
CORRELATION ERROR CORRELATION EIGENVALUE 

o.9eqso9 0. 002'68 0.969872 J2 . 1919 
0. •61H5 0. 06J7H 0.222027 0. 28SQ 

VIRGINICA 

VIRGINICA 

1098 . 27 
1 OS . J 1 

VIRGINICA 

0. 0 
0.0001 

EIGENVALUES or INVIEJ•H 
• CANRSQ/11-CANRSOJ 

DIFFERENCE PROPORTION 

J 1. 9065 

~ 
CUKULATIVE 

TESTS or HO: THE CANONICAL CORRELATION IN THE CURRENT ROW AND ALL THAT FOLLOW ARE ZERO 

a) LIKELIHOOD fl) fl) 
RATIO F NUH DF DEN or PR> F 

0 . 02)086) 199.USJ 8 288 0.0 
0. 77797JJ7 1J. 79)9 J 1q5 0. 0001 

fl) KULTIVARIATE TEST STATISTICS AND F APPROXIKATIONS 
S•2 K•0 . 5 N• 7 1. 5 

STATISTIC VALUE r NUK or DEN Of 

WILKS' LAKBDA 0. 02Hl86J 199 . us 8 
PILLAI'S TRACE 1. 191899 53.'66 8 
HOTELLING-LAWLEY TRACE 32.,7732 580 . 5)2 8 
ROY ' S GREATEST ROOT )2 . 19193 1166 . 957 q 

NOTE : F STATISTIC FOR ROY'S GREATEST ROOT IS AN UPPER BOUND 
F STATISTIC FOR WILKS ' LAKBDA IS EXACT 

FISHER I 1936) IRIS DATA 

CANONICAL DISCRIKINANT ANALYSIS 

GI TOTAL CANONICAL STRUCTURE 

CAN1 CAN2 

SEPALLEN 0. 7919 0. 2 17 6 
S EPALW ID - 0.5)08 0. 158 0 
PETALLEN 0. 9850 0. 0-60 
PETALWID 0. 9728 0. 2229 

~ BETWEEN CANONICAL STRUCTURE 

CAN1 CAN2 

288 
290 
286 
1q5 

PR> F 

0. 0 
0.0001 
0.0 
0.0 

(continued on next page) 



(continued from previous pdge) 

SEPALLEN 
SEPALWIO 
PETALLEN 
PETALIIIO 

0. 9915 
-0 . 8257 
0. 9998 
0. 99-0 

0 . 1 JO J 
0. 56q2 
0. 0224 
0. 1090 

El) WITHIN CANONICAL STRUCTURE 

SEPALLEN 
SEPALWIO 
PETALLEN 
PETALIIIO 

CANl 

0. 2226 
-0 . 1190 
0. 7061 
0 . 6 Jl2 

CAN2 

0.)108 
0. 86)7 
0. 1677 
0. 7)72 

€D STANOAROl?EO CANONICAL COErrICIENTS 

SEPALLEN 
SEPALIIIO 
PETALLEN 
PETALIIIO 

CANl 

-0 . 6868 
-0.6688 

J. 8 8 58 
2 . 1422 

CAN2 

0. 0200 
0.90q 

-1.6q51 
2. 1641 

e RAIi CANONICAL COEFfICIENTS 

SEPALLEN 
SEPALIIID 
PETALLEN 
PETALIIIO 

CANl 

- . 0829)77642 
- . 153447)068 
0.2201211656 
0. 2810460309 

FISHER ( 19)6 I IRIS 

@ CANONICAL DISCRIHINANT 

CLASS HEANS ON CANONICAL 

SPECIES CANl 

SETOSA I -7 . 6076 
VERSICOLOR g_ 1. 8 250 
VIRG INICA 3 5. 7826 

CAN2 

o. 002q102u9 
o. 216qs21235 
- . 09)1921210 
0. 28)918785) 

CATA 

ANALYSIS 

VARIABLES 

CAN2 

0. 21 5 1 
- 0.7279 
0. 512 8 



CAN2 

2. 5 • 

2. 0 • 

I . 5 • 

1. 0 • 

8 . 5 

0 . 0 • 

-0 . 5 • 

-1.0 • 

-1. 5 

-2 . 0 

-2 . 5 • 

-J.0 • 

1 

Output 13.2 Iris Data: PROC PLOT 

FISHER ( 1936) IRIS DATA 
PLOT OF CANONICAL DISCRIHINANT FUNCTIONS 

PLOT or CAN2•CAN1 SYHBOL IS VALUE or SPECJIO 

1 
1 11 

I 1 

1 
2 

1 2 22 33 
I 1 1 2 22 

II 3 
1 1 22 3 3 

I 2222 2 
11 2 2 

111 
22 2 23 

11 2 

2 

22 22 2 
2 

3 3 

) 

) 

3 
) 

3 

---• -------- ----- -+-------------- •-------------- • --------------+--------------•-------------- •-------------- •--------------•--
- I 0 -7 -1 11 

CAN1 

NOTE: 11 OBS HIDDEN 
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12. ALLOCATION AND ATYPICALITY 

(In SAS : PROC DISCRIM> 

Basic Ideas:_ 

Need "ti~aining" samples f 1- om each of a number of 91-oups. 

Est i mate var iances and covariances within each group. 

Optionally assume these constant over 
pooled within groups variance-covariance matrix 

groups and use 
for all groups. 

Allocate new samples to groups according to a calculation 
(using the multivariate normal model) of their probabilities of 
being in each group (assuming they are in one of the predefined 
groups). 

With common covariance matrices, 
checking which group mean is closest 
Mahalanobis distance). 

In one dimension : 
prob. 

dus,ty 

F'rob(in group 1, assuming in 1 or 2) = 

this calculation is one of 
(according to the common 

.(' ()(.) 

-(\ t)l ) 1 f 2. ( :,c.) 

dete1- mi ned by the Mahalanobis 
di stances, for common 
when they are equal). 

<S ( = O . 5 

The g1- oup i.,Ji th the b i ggest p1-obab i l i ty i s the one to i.-ihi c h ,, 
i s allocated. 

What i f a point is n ot 1n realit y from any o f the 
groups? e. q .; 

H 

tra i n i ng 



12-·· 2 

,the gr-oup 2 "member-ship probability" can be 
large without valid implication of actual membership ( since the 
assumption of being in at least one of the groups is invalid). 

Atypicality indices guard against this. 

They use the probability of a point being as far- away as it 
is from the group mean: 

IQ QQ~ dimension: 

typicality index (low not typical) 

density contour through A (also Mahalanobis distance contour> 

Typicality index = probability of being outside contour 

l,. 

(calculable from chi-squared distribution for D ). 
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Another ExamQle (from SAS/STATS manuali QQ~~~=]~ll= 

Four remotely sensed spectral v ariables used to classify 
crops. First do analysis on training data to set up Mahalanobis 
distance functions (assuming constant within crop varaince and 
covariance). Then apply tci a test data set. N.B. SAS doesn't 
seem to give access to the individual D values to allow 
calculation of atypicality probabilities. 

Remote-Sensing Data on Crops: Example 2 
In the example below, the observations are grouped into five crops: clover, corn, 
cotton, soybeans, and sugar beets. Four measures called Xl -X4 make up the 
descriptive variables. The first PROC DISCRIM statement creates a calibration 
data set using the OUT- option. The second DISCRIM statement uses the infor­
mation in the calibration data set to classify a test data set. Note that the values 
of the identification variable, XVALUES, are obtained by rereading the Xl-X4 
fields in the data lines as one character variable. · 

DATA CROPS; 
TITLE 'REMOTE SENSING DATA ON FIVE CROPS'; 
INPUT CROP$ 1-10 X1-X4 XVALUES S 11-21; 
CARDS; 

CORN 16 27 31 33 
CORN 15 23 30 30 
CORN 16 27 27 26 
CORN 18 20 25 23 
CORN 15 15 31 32 
CORN 15 32 32 15 
CORN 12 15 16 73 
SOYBEANS 20 23 23 25 
SOYBEANS 24 24 25 32 
SOYBEANS 21 25 23 24 
SOYBEANS 27 45 24 12 
SOYBEANS 12 13 15 42 
SOYBEANS 22 32 31 43 

I 
\ 



12-5 

COTTON J 1 32 JJ Jq 

COTTON 29 24 26 28 
COTTON 34 32 28 45 
COTTON 26 25 23 24 
COTTON 53 48 75 26 
COTTON 34 35 25 78 
SUGARBEETS22 23 25 42 
SUGARBEETS25 25 24 26 
SUGARBEETS34 25 16 52 
SUGARBEETS54 23 21 54 
SUGARBEETS25 43 32 15 
SUGARBEETS26 511 2 54 
CLOVER 12 45 32 54 
CLOVER 24 58 25 34 
CLOVER 87 54 61 21 
CLOVER 51 31 31 16 
CLOVER 96 48 54 62 
CLOVER 31 31 11 11 

CLOVER 56 13 13 71 
CLOVER 32 13 27 32 
CLOVER 36 26 511 32. · 
.CLOVER SJ 08 06 54 
CLOVER 32 32 62 16 

PROC DISCRIH DATA•CROPS POOL•YES LIST OUT•CROPCAL; 
CLASS CROP; 
ID XVALUES; 
VAR X1-X4; 
TITLE2 'CLASSIFICATIQN OF CROP DATA'; 

DATA TEST; 
INPUT CROPS 1-10 X1-X4 XVALUES S 11-21; 
CARDS; 

CORN 16 27 31 33 
SOYBEANS 21 25 23 24 
COTTON 29 211 26 28 
SUGARBEETS54 23 21 54 
CLOVER 32 32 62 16 

PROC DISCRIH DATA•CROPCAL TESTDATA•TEST TESTLIST; 
CLASS CROP; 
TESTCLASS CROP; 
TESTID XVALUES; 
VAR X1-X4; 
TITLE2 'CLASSIFICATION OF TEST DATA'; 



FROH CROP 

CLOVER 
CORN 
COTTON 
SOYBEANS 
SUGARBEETS 

CONSTANT 
X1 
X2 
XJ 
xq 

12-- 6 

Output 16.2 Remote Sensing Data on Five Crops: PROC DISCRIM 

CROP 

CLOVER 

CORN 

COTTON 

SOYBEANS 

REHOTE SENSING DATA ON FIVE CROPS 
CLASSIFICATION or CROP DATA 

DISCRIMINANT ANALYSIS 

FREQUENCY PRIOR PROBABILITY 

11 0.20000000 

7 0. 20000000 

6 0.20000000 

6 0.20000000 

SUGARBEETS 6 0.20000000 

TOTAL 
----------

)6 1. 00000000 

REMOTE SENSING DATA ON FIVE CROPS 
CLASSIFICATIOM OF CROP DATA 

DISCRIMINANT ANALYSIS 

COVARIANCE 
HATRIX RANK 

POOLED COVARIANCE HATRIX INFORMATION 

NATURAL LOG or DETERMINANT 
OF THE COVARIANCE HATRIX 

DISCRIMINANT . ANALYSIS 

CLOVER 

0.00000000 
- . 25308108 
0.86616669 
2. 58313162 
1.489097'5 

21.)0189392 

REHOTE SENSING DATA ON FIVE CROPS 
CLASSIFICATION OF CROP DATA_ 

PAIRWISE SQUARED GENERALIZED DISTANCES BETWEEN GROUPS 

2 _ _ -1 - -
D (IIJ) • (X - X )' COV (X - X J 

I J I J 

GENERALIZED SQUARED DISTANCE TO CROP 

CORN COTTON 

-.25308108 0. 86616669 
0.00000000 1. 884Q6Q83 
1.88QQ6'83 0.00000000 
0. 730307'0 1. '3466961 
2.890Q2690 1.29555784 

REMOTE SENSING DATA ON FIVE CROPS 
CLASSIFICATION OF CROP DATA 

SOYBEANS 

2. 58)1)162 
o. 7)0)0740 
1.QH66961 
0 . 00000000 
1.076Q6)91 

DISCRIMINANT ANALYSIS LINEAR DISCRIMINANT FUNCTION 

-1 -
COEFFICIENT VECTOR• COV X 

J 

-1 -
CONSTANT• -.5 X' COV X 

J J 

CLOVER CORN 

- 9 . 7989q962 -6 . 08308779 
0.0890726) -o.oq18oq9q 
0.17378658 o.1191oqq8 
0.11899)03 0. 16510688 
0 . 156)7491 0 . 16768l59 

CROP 

COTTON SOYBEANS 

-9 . 67l6077q -5.q908J759 
o.02q62qo7 0 . 0000)693 
0 . 1759557q 0. 15896277 
0 . 1588013ij 0.10622011 
0 . 18361917 0. 0132806 

SUGARBEETS 

1. Q8909745 
2. 890Q2690 
1. 2955578Q 
1. 07646391 
0. 00000000 

. q 

SUGAR BEETS 

-8 . 0100)00) 
o.oq2qq951 
0.20987506 
0. 065qOJ71 
0 . 16QOHBO 



1 2-·7 

R!NOT! S!IISIIIG DATA ON FIVE CROPS 
CLASSIFICATION OF CROP DATA 

DISCRIMINANT ANALYSIS CLASSIFICATION RESULTS FOR CALIBRATION DATA : WORl(.CROPS 

GENERALIZED SQUARED DISTANCE FUNCTION : POSTERIOR PROBABILITY or NENBERSHIP IN EACH CROP : 

2 - - 1 - 2 2 
D (X) • (X•X ) ' cov (X-X ) PR(JIX) • EXP( -. 5 D (Xl) / SUH EXP(- . 5 D (XII 
J J J J K K 

POSTERIOR PROBABILITY Of HEHBERSHIP IN CROP : 

XVALUES FRON CLASSIFIED CLOVER CORN COTTON SOYBEANS SUGARBEETS 

16 27 ] 1 ]] 
15 2J JO JO 
16 27 27 26 
18 20 25 2) 
15 15 31 32 
15 J2 32 15 
12 15 16 7 J 
20 2J 23 25 
2Q 2Q 25 32 
21 25 2) 2, 
27 q5 H 12 
121J15Q2 
22J2)1Q) 
J1)2JJ)Q 
29 2Q 26 28 
JQ J2 28 QS 
26 25 2J H 
SJ QB 75 26 
JQ JS 25 78 
22 2) 25 Q2 
25 25 2Q 26 
JQ 25 16 52 
St 23 21 St 
25 q3 32 15 
26 SQ 2 54 
12 H J2 SQ 
2Q 58 25 JQ 
87 54 61 21 
51 J 1 l 1 16 
96 48 54 62 
l 1 l 1 11 11 
56131)71 
321J27J2 
)6 26 5q 32 
SJ 08 06 SQ 
J2 J2 62 16 

CROP 

CORN 
CORN 
CORN 
CORN 
CORN 
CORN 
CORN 
SOYBEANS 
SOYBEANS 
SOYBEANS 
SOYBEANS 
SOYBEANS 
SOYBEANS 
COTTON 
COTTON 
COTTON 
COTTON 
COTTON 
COTTON 
SUGARBEETS 
SUGARBEETS 
SUGARBE!TS 
SUGARBE!TS 
SUGARBEETS 
SUGARBEETS 
CLOVER 
CLOVER 
CLOVER 
CLOVER 
CLOVER 
CLOVER 
CLOVER 
CLOVER 
CLOVER 
CLOVER 
CLOVER 

INTO CROP 

CORN O.OSQ1 0. ]855 
CORN O.OQ66 O.OQ1 
SOYBEANS • 0.0591 0. 32)6 
SOYBEANS • 0. 0637 o. 3'60 
CORN 0.0)60 0.55)5 
SOYBEANS • 0. 058) 0.)091 
CORN 0. 02H O.Q96Q 
SOYBEANS 0. 0807 0.2672 
SOYBEANS 0. 1091 0.2Q07 
SOYBEANS 0. 0900 0.2)20 
SUGARBEETS • 0. 1452 0.0510 
CORN • 0. OllO 0. QQ87 
COTTON • 0. 0898 0. 2'9Q 
COTTON 0. 1806 0. 15)0 
SOYBEANS • 0. 1601 0. 18 )8 
COTTON 0.2021 0. 10QO 
SOYBEANS • 0. 1 l 18 0. 1767 
COTTON O. JQ07 O. OQJ2 
COTTON 0.1389 0.0768 
CORN • 0. 0870 0. 29H 
SOYBEANS • 0. 1219 0.199Q 
SUGARBE!TS 0. 1869 0.087Q 
CLOVER • O. tH3 0. 0232 
SOYBEANS • 0. 1398 o. 1104 
SUGARBEETS 0.0'83 0. 0072 
COTTON • O.OQ06 O.H53 
SUGARBEETS • 0. 0977 0.0)51 
CLOVER 0.8835 0.0005 
CLOVER 0.5211 0.0253 
CLOVER 0.86'9 0. 0002 
SUGARBEETS • 0. 1566 0.0)92 
CLOVER 0. 4657 0. 0253 
SOYBEANS • 0. 17 l 1 0. 2665 
COTTON • 0. 1717 0.269J 
CLOVER O. QQJJ 0. 0279 
COTTON • 0. 1378 0. l 18 J 

• MISCLASSIFIED OBSERVATION 

REHOT! SENSING DATA ON FIVE CROPS 
CLASSIFICATION OF CROP DATA 

0. 1956 0. 265J 
0. 15 79 0. 2811 
0. 1506 0. ))90 
0. 1198 O.J6QS 
0. 1 J 17 0.2)Q2 
0. 1 Q 50 0. 3762 
0.20U 0. 1521 
0. 1307 0. )675 
o. 179q 0. )009 
0. 13)6 O.J696 
0.11Q8 0. )075 
0. 101Q 0.)052 
0.2929 0.206) 
0.2795 0. 2078 
0. 1780 0. 2967 
0.2851 0. 1609 
0. 1'18 0. )'69 
0.5660 0.0288 
O.QJOO 0. 0669 
0.21)2 0.2503 
0.1537 0.3359 
o. 19Q9 0. 1731 
0.17'9 0.069Q 
0. 1868 0.31H 
O.OSQ3 0. 0688 
0. 36'8 0. 1570 
o. 1826 0. 1579 
0. 0831 0.000 
0. 12SQ 0. 1380 
0. 10J9 0. 0012 
0.05J8 0.3'2' 
0. 1707 0.0567 
0. 1797 0. 2687 
O.Q152 0. 1091 
0.0929 0. 107 l 
0. 3885 0. 1 l 1 l 

DISCRIMINANT ANALYSIS CLASSIFICATION SUNHARY FOR CALIBRATION DATA : WORK.CROPS 

0.0995 
0.0802 
0. 127 7 
0. 1060 
0. OU7 
0. 1112 
0. 1197 
0. 15]9 
0. 1698 
0.170 
0. 3795 
0. 1117 
o. 1616 
0. 1791 
0. 18 U 
0.HB0 
0. 2028 
0. 021' 
0.2875 
0.150 
0, 1891 
0. 3576 
0. 2582 
0. 2Q86 
0. 82U 
0. 192J 
0. 5267 
0. 0287 
0. 1902 
0. 0297 
o.,oso 
0. 2817 
0. 1121 
0.0347 
0. J 28 7 
0.02QO 

GENERALIZED SQUARED DISTANCE FUNCTION: POSTERIOR PROBABILITY or NENBERSHIP IN EACH CROP : 

2 _ -1 2 2 
D (X) • (X-X ) ' COV (X- X ) PR(JIX) • EXP(- . 5 D (X)) / SUN EXP(-.5 D (X)) 

J J J J K K 

NUHBER Of OBSERVATIONS AND PERCENTS CLASSIFIED INTO CROP : 
FROH 
CROP 

CLOVER 

CORN 

COTTON 

SOYBEANS 

SUGARBEETS 

CLOVER 

0 
0. 00 

0 
0. 00 

0 
0. 00 

1 
16 . 6 7 

CORN 

0 
0. 00 

q 

5 7 . 1Q 

0 
0.00 

1 
16 . 67 

1 
16. 6 7 

COTTON 

] 
27 . 27 

0 
0. 00 

q 

66 . 67 

1 
16 . 6 7 

0 
0. 00 

SO YBEANS SUGARBEETS 

1 2 
9. 09 18 . 18 

J 0 
Q2. 86 0 . 00 

2 0 
ll. ll 0 . 00 

J 1 
50.00 16 . 67 

2 2 
l l . J J J J. J J 

TOTAL 

11 
100 , 00 

7 
100 . 00 

6 
100 . 00 

6 
100 . 00 

6 
100.00 

5 
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(continued from previous paBe) 

TOTAL 6 
PERCENT 16. 6 7 

PRIORS 0.2000 

J 2.-8 

6 8 11 
16.67 22.22 30.56 

0.2000 0.2000 · 0.2000 

REMOTE SENSING DATA ON FIVE CROPS 
CLASSIFICATION OF TEST DATA 

,.~, 
'f' ·\ :,. 

s 
13.89 

0.2000 

DISCRIMINANT ANALYSIS CLASSIFICATION RESULTS FOR TEST DATA : WORK.TEST 

...... 

36 
100.00 

GENERALIZED SQUARED DISTANCE FUNCTION: POSTERIOR PROBABILITY or MEMBERSHIP IN EACH CROP: 

2 -1 2 2 
D I XI • (X-X I' cov (X-X I PR(JIXI • EXP ( - . 5 D ( X I I I SUH EXP(-.5 D (XII 
J J J J K K 

POSTERIOR PROBABILITY OF MEMBERSHIP IN CROP: 

XVALUES FROH CLASSIFIED CLOVER CORN COTTON SOYBEANS SUGARBEETS 
CROP INTO CROP 

16 27 3 1 J) CORN CORN 0,05,1 0.3855 0. 1956 0. 2653 0.0995 
21 25 23 2• SOYBEANS SOYBEANS 0.0900 0. 2320 0.1336 0. 3696 0.1H8 
29 2' 26 28 COTTON SOYBEANS 0.1601 0. 18 38 0. 1780 0.2967 0.18U 
5,23215, SUGARBEETS CLOVER • o.,H3 0.0232 0. 1H9 0.069• 0.2582 
32 32 62 16 CLOVER COTTON 0. 1378 0. 318 3 0.3885 0.1313 0.0240 

• MISCLASSIFIED OBSERVATION 

REMOTE SENSING DATA ON FIVE CROPS 
CLASSIFICATION OF TEST DATA 

DISCRIMINANT ANALYSIS CLASSIFICATION SUMMARY FOR TEST DATA: WORK.TEST 

GENERALIZED SQUARED DISTANCE FUNCTION: POSTERIOR PROBABILITY OF MEMBERSHIP IN EACH CROP : 

2 -1 2 2 
D (XI• (X-X I' cov (X-X ) PR(JIX) • EXP(- . 5 D (XI) I SUH EXP(-.5 D (X)) 
J J J J I( K 

NUMBER OF OBSERVATIONS AND PERCENTS CLASSIFIED INTO· CROP: 
fROH 
CROP CLOVER CORN COTTON SOYBEANS SUGARBEETS TOTAL 

CLOVER 0 0 1 0 0 1 
0.00 0. 00 100.00 0.00 0.00 100.00 

CORN 0 1 0 0 0 1 
0.00 100 . 00 0.00 0.00 0.00 100 . 00 

COTTON 0 0 0 1 0 1 
0.00 0.00 0.00 100.00 0.00 100.00 

SOYBEANS 0 0 0 1 0 1 
0. 00 0.00 0.00 100.00 0.00 100.00 

SUGAR BEETS 1 0 0 0 0 1 
100.00 0.00 0. 00 0.00 0.00 100 . 00 

TOTAL 1 1 1 2 0 5 
PERCENT 20.00 20 . 00 20 . 00 qo.oo 0.00 100.00 

PRIORS 0.2000 0.2000 0.2000 0.2000 0.2000 




